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Dynamical Green’s function and an exact optical potential for electron-molecule
scattering including nuclear dynamics

Joachim Brand, Lorenz S. Cederbaum, and Hans-Dieter Meyer
Theoretische Chemie, Universita¨t Heidelberg, Im Neuenheimer Feld 229, D-69120 Heidelberg, Germany

~Received 9 April 1999!

We derive a rigorous optical potential for electron-molecule scattering including the effects of nuclear
dynamics by extending the common many-body Green’s function approach to optical potentials beyond the
fixed-nuclei limit for molecular targets. Our formalism treats the projectile electron and the nuclear motion of
the target molecule on the same footing whereby the dynamical optical potential rigorously accounts for the
complex many-body nature of the scattering target. One central result of the present work is that the common
fixed-nuclei optical potential is a valid adiabatic approximation to the dynamical optical potential even when
projectile and nuclear motion are~nonadiabatically! coupled as long as the scattering energy is well below the
electronic excitation thresholds of the target. For extremely low projectile velocities, however, when the cross
sections are most sensitive to the scattering potential, we expect the influences of the nuclear dynamics on the
optical potential to become relevant. For these cases, a systematic way to improve the adiabatic approximation
to the dynamical optical potential is presented that yields nonlocal operators with respect to the nuclear
coordinates.@S1050-2947~99!02210-6#

PACS number~s!: 34.80.Gs, 34.10.1x
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I. INTRODUCTION

The concept of an optical potential as a physical en
that governs the scattering of a single particle by a compo
target is an intuitively appealing phenomenological conc
that goes back to the early days of nuclear physics. In p
ciple, the scattering of a nonrelativistic, quantum-mechan
particle off anN-particle target is a many-body problem an
governed by the (N11)-particle Schro¨dinger equation. In
the so-called optical model@1#, the elastic scattering problem
is alternatively described by an effective single-parti
Schrödinger ~or Lippmann-Schwinger! equation. All effects
of the interaction of the projectile particle with the target a
contained in the so-called optical potential. In general, t
optical potential has to be a very complicated object: It
comes anonlocaloperator because exchange and rearran
ment of target particles have to be considered. Anenergy
dependencehas to account for possible excitations of t
target and if inelastic scattering is energetically possible,
optical potential isnon-Hermitian in order to describe the
loss of scattering amplitude into the inelastic channels. O
major technical advantage of using optical potentials in
merical calculations is that the scattering problem can
separated from the many-body problem and the latter ca
treated using bound-state techniques.

The ability of many-body theory to derive exact, thou
not unique, optical potentials was a great success in
1950s @2–4#. The optical potential of Feshbach@1–3# fol-
lows from the most straightforward derivation by projecti
from the (N11)-particle Schro¨dinger equation. An impor-
tant alternative can be found in the self-energy of the sing
particle Green’s function of traditional many-body theo
@4–6#.

In contrast to the Green’s function approach, the Fe
bach optical potential is not easily amenable to perturba
theoretical approximations. Achieving a balanced and c
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sistent treatment of ground- and excited-state correlatio
thus difficult to achieve. Moreover, Mahaux and Sartor@7#
have found in applications to nuclear matter that the non
cality in the Feshbach optical potential is more complica
than in the Green’s function optical potential. The numeri
applications of Feshbach’s theory on electron-molecule s
tering reported so far have been realized by projection
configuration interaction~CI! matrices@8,9# but have rarely
gone beyond the uncorrelated Hartree-Fock level for the
scription of the target’s ground state. The inclusion of cor
lated, i.e., multiconfigurational, target wave functions in th
context presents a delicate problem@10,11#.

On the other hand, the Green’s function optical poten
@4# defined by the Dyson equation@12# has turned out to be
well behaved and well suited for numerical calculations. T
Green’s function approach to the optical potential has
advantage that the self-energy of the single-particle Gree
function is easily accessible through the Feynman-Dy
perturbation expansion@12#. Thus a balanced treatment o
ground-state and excited-state correlation is automatic
achieved. Various approximation schemes for the s
energies of molecules have been developed@13–15# and ap-
plications to electron-molecule scattering have been repo
in Refs.@16–20#.

All the previous calculations employing optical potentia
have been done in the fixed-nuclei limit where the effects
nuclear motion are neglected altogether. A great variety
methods and numerical procedures can be used for sol
the single-particle scattering equations in the fixed-nuc
limit, such as, e.g., theR-matrix @21–23#, the Schwinger-
variational @24#, the complex-Kohn@25,26#, and the close-
coupling @27,28# approaches. An often-used approxima
treatment of the nuclear motion derives from the Bo
Oppenheimer approximation. In this so-called adiaba
nuclei approximation@29,30,27#, fixed-nucleiS-matrix ele-
ments for each configurationR of the atomic nuclei are
averaged, weighted by the nuclear wave functions of the
2983 ©1999 The American Physical Society
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2984 PRA 60BRAND, CEDERBAUM, AND MEYER
lated target molecule. This approximation, however, bre
down for low projectile energies and, in particular, for res
nant vibrational excitation~see, e.g.,@31#!. Finally, in situa-
tions where the electronic projectiles move with velocit
that are comparable to the typical velocities of nuclear m
tion, it becomes indispensable to treat the coupled mo
correctly.

The most straightforward way of accounting for the fu
nonadiabatic coupling of the nuclear motion to the motion
the projectile electron is realized in the close-coupling f
malism@27,28#. In this formalism, the scattering wave fun
tion of the full problem~i.e., the degrees of freedom ofN
11 electrons and the nuclear degrees of freedom appe
variables! is expanded in a finite set of basis functions th
are chosen according to appropriate exact or approxim
constants of motion. Usually it is not feasible to include e
cited electronic states of the target in the close-coupling
pansion. These states, however, are necessary to des
polarization effects correctly. In the literature, so far mod
potentials void of rigorous justification have been used
account for this defect@27,32–34#. The close-coupling for-
malism further has the problem that the numerical calcu
tions are difficult to converge for very low projectile energi
@35#.

An alternative to the one-step close-coupling expans
for treating the nuclear dynamics in electron-molecule sc
tering is a two-step procedure employing the so-cal
projection-operator~PO! formalism @36–38#. Based on the
assumption of a resonance in fixed-nuclei electron scatter
the PO approach can be used to treat the nuclear dyna
going beyond the adiabatic-nuclei picture. In the PO form
ism the electronic scattering problem is separated from
nuclear dynamics by Feshbach projection such that o
some resonance parameters, which can be taken from fi
nuclei scattering calculations, determine the equations for
nuclear dynamics that have to be solved. The coupling to
continuum of electronic scattering wave functions enters
nuclear dynamics via a complex, nonlocal potential. Diff
ent levels of approximation for the nonadiabatic coupling
electronic and nuclear motion are reached by local and n
local models for the complex potential@36#. The PO method
has been very successful in explaining many features of r
nant electron-molecule scattering and it gives a very intuit
picture for the mechanism of many physical processes l
e.g., resonant vibrational excitation@37#. On the other hand
it is not per se an exact approach because only reson
contributions to the cross sections can be treated. There
always nonresonant contributions~also called background
contributions! that cannot be evaluated in the PO formalis
but may actually dominate the spectra in off-resonance s
tering. Sometimes no dominating resonance is present a
and sometimes numerous resonances contribute which
difficult to identify individually. For these cases the sepa
tion of nuclear and electronic motion ultimately fails. Als
the nonlocality of the complex potential usually becom
very complicated and difficult to model for very slow sca
tering electrons: Details of the electron-molecule interact
and the dynamical coupling of electronic, vibrational, a
rotational degrees of freedom become important when
time scales of projectile and nuclear motion in the target
comparable. As an example we may mention the scatte
s
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by a polar molecule with a supercritical or near-to-critic
dipole moment. As is well known, a supercritical, nonrota
ing dipole (D.1.625 D) can bind an excess electron but th
bound state is weakened or even disappears if the dipo
allowed to rotate@39#. It is, however, very difficult to include
the correct coupling of rotational degrees of freedom in
nonlocal complex potential model@40# and thus a full dy-
namical calculation including all relevant degrees of freed
may become necessary in order to describe the physic
very-low-energy scattering by polar molecules correctly.

To our knowledge, no one has yet given a rigorous de
vation of an optical potential for the scattering electron th
takes full account of the nuclear motion. To close this gap
the main objective of the present paper. In this paper we
present an optical potential that is based on the usual Gre
function optical potential but allows us to treat projectile a
nuclear motion on the same footing. This so-called dyna
cal optical potential is given by the self-energy of the d
namical Green’s function, an extension of the usual sing
particle Green’s function including the nuclear kineti
energy operator. The dynamical optical potential is an opt
potential for electron-molecule scattering that is elastic w
respect to electronic excitations of the target but inela
with respect to the vibrations or rotations of the target. T
only assumption that is used throughout this paper is that
Born-Oppenheimer approximation is valid for the targe
ground state. Otherwise the dynamical optical potentia
exact. It takes full account of the many-body effects of ele
tron scattering including exchange and polarization as w
as the full nonadiabatic coupling of the projectile motion
the nuclear motion of the target. The expressions we de
for the exact optical potential may provide guidance for t
choice of model potentials on the one hand, and on the o
hand are amenable toab initio approximations and can b
calculated with standard quantum-chemical methods.

This paper is organized as follows. In the next section
will start with reviewing the definition of the traditiona
single-particle Green’s function of many-body theory. A
plied only to the electronic degrees of freedom of a molec
at fixed nuclear configuration, we also call this propaga
the electronic Green’s function. In the subsequent Sec.
we then define the dynamical Green’s function, which allo
for the treatment of the full molecular dynamics includin
the nuclear degrees of freedom as dynamical variables.
also define the closely related~nuclear! inelastic Green’s
function that shows the close relation to the recently dev
oped theory of electronically inelastic Green’s function
Section II is closed by showing how the electronic propa
tor can be obtained in a suitable limit from the dynamic
Green’s function. In the third section an algebraic derivat
of Dyson’s equation for the electronic Green’s function
reviewed before the dynamic Green’s function is shown
fulfill a Dyson equation and the dynamical self-energy
defined. Section IV treats the relation to electron-molec
scattering. The dynamical self-energy is shown to be clos
related to the optical potential for the coupled motion of t
projectile electron and the atomic nuclei of the target m
ecule in electronically elastic scattering. Expressions for
scatteringSandT matrices are shown for inelastic process
with respect to the nuclear coordinates including vibratio
or rotational excitation, associative detachment, and dis
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PRA 60 2985DYNAMICAL GREEN’S FUNCTION AND AN EXACT . . .
ciative attachment. In Sec. IV B an effective Schro¨dinger
equation using the dynamical optical potential is discuss
A direct derivation for the effective Schro¨dinger equation
based on projection operators is given in Sec. IV C, wh
yields additional insight into the relation of our Green
function approach to Feshbach’s theory. The well-kno
static-exchange and the fixed-nuclei scattering equations
identified as approximations to our exact equations in S
IV D 1 and IV D 2. The rest of Sec. IV D is devoted to th
discussion of different possible approximations to the
namical optical potential, in particular, concerning the tre
ment of the nuclear dynamics in virtual electronic excitatio
of the target. We also discuss how to compute the dynam
optical potential using standardab initio quantum chemistry
methods.

II. THE DYNAMICAL SINGLE-PARTICLE
GREEN’S FUNCTION

Traditional many-body theory@12# deals with systems o
indistinguishable particles. Applications to molecules usua
treat only the electronic degrees of freedom in the ma
body formalism and freeze the nuclear configuration. Af
briefly reviewing the definition of this purely electron
single-particle Green’s function we will define the dynamic
Green’s function, which allows us to treat the nuclear d
grees of freedom as dynamical variables.

A. The electronic Green’s function

The usual single-particle Green’s functionG(rt,r8t8) of
nonrelativistic many-body theory is defined by@12#

iG~rt,r8t8!5^C0
Nuc̄~r,t !c̄†~r8,t8!uC0

N&u~ t2t8!

2^C0
Nuc̄†~r8,t8!c̄~r,t !uC0

N&u~ t82t !. ~1!

Here, u(t) is Heaviside’s step function,uC0
N& denotes the

exact~correlated! ground state of theN-particle system, and
c̄†(r,t) is the Heisenberg field operator, which creates a p
ticle at positionr and timet. Although we consider fermionic
particles, electrons, in particular, we suppress the notatio
spin indices for simplicity~r may be considered as spin
space variable!. In applications of many-body theory to mo
lecular physics one usually assumes an adiabatic decou
of electronic and nuclear motion and thus only treats
electronic degrees of freedom explicitly.G(rt,r8t8) is then
the Green’s function in a system of electrons moving in
static potential of the nuclei, fixed at the coordinatesR. In
the following, we will callG(rt,r8t8) the (purely) electronic
Green’s functionin contrast to the later defined dynamic
Green’s function, which will allow us to treat nonadiaba
coupling of electronic and nuclear motion.

The Green’s function decomposes into two parts, the
called particle propagatorG1 and hole propagatorG2:

G~rt,r8t !5G1~rt,r8t8!1G2~rt,r8t8!. ~2!

Noting that the ~purely electronic! Heisenberg operato
c̄†(r,t) evolves in time with the electronic HamiltonianHe ,

c̄†~r,t !5eiH etc†~r!e2 iH et, ~3!
d.
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we can rewrite the particle and the hole propagator in
following way:

iG1~rt,r8t8!5^C0
Nuc~r!e2 i @He2V0~R!#~ t2t8!c†~r8!uC0

N&

3u~ t2t8!, ~4!

iG2~rt,r8t8!52^C0
Nuc†~r8!e2 i @V0~R!2He#~ t2t8!c~r!uC0

N&

3u~ t82t !. ~5!

Here, we made use of the fact that the electronic ground s
uC0

N& is an eigenstate of the electronic HamiltonianHe with
the energy of the electronic ground stateV0(R):

HeuC0
N&5V0~R!uC0

N&. ~6!

We explicitly indicate here the dependence ofV0 on the
nuclear coordinatesR for later use. Of course,He and uC0

N&
depend parametrically onR as well.

For convenience, we will later discuss the Green’s fun
tions mainly in the frequency instead of the time domain a
using an orbital instead of a position-space representat
The corresponding expression for the electronic Gree
function Gpq(v), which is equivalent to the definition~1!,
reads

Gpq~v!5 K C0
NUap

1

v2He1V0~R!1 ih
aq

†UC0
NL

1 K C0
NUaq

† 1

v2V0~R!1He2 ih
apUC0

NL . ~7!

Here, the Fourier transformation into the frequency dom
is defined by F(v)5*2`

` d(t2t8)eiv(t2t8)F(t2t8). The
positive infinitesimalh remains from a convergence facto
that has to be introduced to assure the convergence of
Fourier transformation. The sign of the termih determines
the time ordering byu functions in Eqs.~4! and~5! @12#. The
transformation into the orbital representation is defined
the transformation of the creation and destruction opera
of second quantization. For convenience we assume
$wp(r)%p is a discrete but complete set of square-integra
and normalized basis functions for the single-particle Hilb
space. The creation operator for an electron in the orb
wp(r) is defined by

ap
†5E drwp~r!c†~r!. ~8!

As usual, the orthonormality of the orbitals implies the c
nonical anticommutation relations$ap

† ,aq%5dpq , etc.
The orbital set has been chosen discrete just for conc

tual clearness and simple notation. The generalization to c
tinuous sets does not pose principal problems. Conven
realizations of orbitals may be found, e.g., in the Hartre
Fock orbitals of the target~together with a convenient dis
cretization of the continuum! or in the momentum space rep
resentation~discretized by placing the system in a finite bo
and employing periodic boundary conditions!.
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2986 PRA 60BRAND, CEDERBAUM, AND MEYER
B. The dynamical Green’s function

If we now want to couple the electronic motion dynam
cally to the nuclear motion we have to replace the electro
HamiltonianHe with the full molecular Hamiltonian

H5Tn1He . ~9!

It is given by the sum of the nuclear kinetic-energy opera
Tn and the electronic HamiltonianHe . By convention,He
contains the internuclear repulsion in addition to the el
tronic kinetic energy as well as the electron-nucleus C
lomb attraction and the electron-electron repulsion. T
nuclear kinetic-energy operatorTn generally includes all vi-
brational, rotational, and translational degrees of freedom
the target molecule. For convenience we assume that
translational motion has been separated off. In this case
tation, vibration, and dissociation are the remaining degr
of freedom for the nuclear motion. In any case,Tn is a dif-
ferential operator that acts on the nuclear coordinateR. Thus
Tn does not commute withHe or V0(R). However, we want
to assume in the following that the Born-Oppenheimer
proximation is valid for the electronic ground state of t
molecular target, which implies that the commutator ofTn

with the electronic ground state@Tn ,uC0
N&] is negligible.

Physically, this means that the electronic configuration
uC0

N& depends only weakly on the nuclear coordinates.
Let us introduce the nuclear Hamiltonian

Hn5Tn1V0~R! ~10!

and letfk(R) be an eigenfunction with eigenvalueE0k :

Hnfk~R!5E0kfk~R!. ~11!

In the following we will also use the abstract Dirac notati
ufk& from time to time for the nuclear eigenstates. The wa
function fk(R) then emerges as the coordinate represe
tion of the stateufk& by fk(R)5^Rufk&.

Under the assumption thatTn commutes withuC0
N&, it is

easily seen that the product wave functionuC0
N&fk(R) be-

comes a molecular eigenstate with energyE0k :

HuC0
N&fk~R!5E0kuC0

N&fk~R!. ~12!

This Born-Oppenheimer picture is usually an adequate
scription for closed-shell molecules in the electronic grou
state. The negligibility of the commutator@Tn ,uC0

N&] is the
only fundamental assumption of the theory we will devel
in the following. At the end of Sec. IV C we will return to
discuss the validity of this approximation and show how
theory can be generalized. At this point we want to str
that we only assume the Born-Oppenheimer picture to
valid for the nuclear dynamics in the electronic ground st
of the molecule. We neither assume adiabaticity for the s
tering electron nor for the electronically excited target sta

We now define thedynamical Green’s functionG(rt,r8t8)
as the sum of the two components for particle and h
propagation:

G~rt,r8t8!5G1~rt,r8t8!1G2~rt,r8t8!. ~13!

The particle partG1 is defined by

iG1~rt,r8t8!5^C0
Nuc~r!e2 i ~H2,E00!~ t2t8!c†~r8!uC0

N&

3u~ t2t8!. ~14!
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This propagator resembles the standard particle propag
~4! where the electronic HamiltonianHe appears instead o
the total HamiltonianH and the electronic ground-state e
ergyV0(R) replaces the molecular ground-state energyE00.
Note thatH now includes the nuclear kinetic energyTn ,
which is a differential operator on the nuclear coordinatesR.
Thus,G is also an operator onR. As will be shown explicitly
in Sec. IV D 4, the dynamical Green’s functionG may also
be understood as a nonlocal integral operator in the nuc
coordinates:

^RuG~rt,r8t8!uf&5E dR8G~rRt,r8R8t8!f~R8!. ~15!

For the sake of simple notation, however, we will not ind
cate theR dependence ofG explicitly.

The hole partG2 is defined with a modified Hamiltonian
because this will be helpful later for the formulation of th
Dyson equation:

iG2~rt,r8t8!

5^C0
Nuc†~r8!ei @H2E0022~Hn2E00!#~ t2t8!c~r!uC0

N&

3u~ t82t !. ~16!

As long as we describe scattering or attachment proces
only G1 has physical significance and the propagation w
the ‘‘wrong’’ Hamiltonian H2E0022(Hn2E00) does not
enter the physics. If, however, we want to study ionizati
where the hole part carries physical significance, we hav
modify the definition of the dynamical Green’s functionG
and allowG2 to propagate with the correct HamiltonianH
2Ė00. In this case we may modifyG1 in order to obtain a
well-behaved Dyson equation. In the following we will kee
to the choice~14! and~16! because we are mainly intereste
in the scattering problem in this paper.

Note that the particle partG1 can still be expressed by a
expectation value of a product of Heisenberg field operat

iG1~rt,r8t8!5e2 i ~Hn2E00!t^C0
Nuc~rt !c†~rt8!uC0

N&

3ei ~Hn2E00!t8u~ t2t8!. ~17!

In contrast to the definition of the purely electronic sing
particle Green’s function~1!, the field operatorsc(rt) and
c†(rt8) now evolve in time with the full molecular Hamil
tonianH5Tn1He and thus feel the effect of nuclear motio
in the target. The hole partG2 cannot be expressed in such
simple way asG1.

We conclude this subsection with the expression the
namical Green’s function in the frequency domain and
bital representation:

Gpq~v!5 K C0
NUap

1

v2H1E001 ih
aq

†UC0
NL

1 K C0
NUaq

† 1

v22Hn1E001H2 ih
apUC0

NL . ~18!

This expression is equivalent to the definition of the dynam
cal Green’s function in the time domain, Eqs.~13!–~16!. The
transformation to frequency and orbital representation is
fined as before@see Eq.~7!#.
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C. The inelastic Green’s function

The dynamical Green’s functionG presents, like the
purely electronic propagatorG, a matrix ~or kernel of an
integral operator! in time and in the coordinates of a sing
electron. Moreover,G is an operator in the nuclear coord
natesR. For later use and for comparison with the~electroni-
cally! inelastic theory of Ref.@41#, we define theinelastic
Green’s functionG@m,n# as the matrix element ofG with re-
spect to the nuclear wave functionsfn(R):

G@m,n#~rt,r8t8!5^fmuG~rt,r8t8!ufn&. ~19!

This inelastic Green’s function relates directly to theS ma-
trix of rotationally or vibrationally inelastic scattering, as w
will see later.

The relation to the inelastic Green’s function studied
Cederbaum@41# becomes apparent when we evaluate
particle part ofG@m,n#. We introduce the symbolic notatio
u0k&& for the molecular stateuC0

N&fk(R) of Eq. ~12!, which
describes a~ro-!vibrational excitation with quantum numbe
k in the electronic ground state. From Eqs.~11! and ~17! it
follows that we can write the particle part of the inelas
Green’s function as

iG@m,n#1~rt,r8t8!5^^0muc~rt !c†~rt8!u0n&&

3e2 i @~E0m2E00!t2~E0n2E00!t8#u~ t2t8!,

~20!

where the double bracket notation^^•u•&& indicates integra-
tion over both electronic and nuclear degrees of freed
Expression~20! is completely analogous to the definition
Ref. @41#. While in this reference inelastic scattering betwe
different electronic excitations of the target is considered
the nuclear degrees of freedom are neglected, the pre
study focuses on inelastic processes with respect to the
brations and rotations in the same adiabatic electronic c
figuration. In contrast to Ref.@41# where the projectile par
ticle, for instance a positron, is distinguishable from t
target electrons, our projectile is an electron and we fu
account for the indistinguishable nature of the projectile a
target electrons in the present approach. For this reason
need the hole partG2, which, admittedly, takes on a les
intuitive form than the particle partG1 but will prove very
useful later for the formulation of the Dyson equation.

We now want to show that the dynamical Green’s fun
tion G boils down to the usual electronic Green’s functionG
when the nuclear dynamics becomes unimportant. Form
the transition fromG to G is achieved by assuming that th
Hamiltonian of nuclear motionHn5Tn1V0(R) can be re-
placed by its lowest eigenvalueE00. When we express the
nuclear kinetic energyTn in the molecular HamiltonianH
5Tn1He by Hn2V0(R) and replaceHn by E00, the parts
of the dynamical Green’s functionG1 and G2 in Eqs. ~14!
and ~16! reduce to the conventional expressions~4! and ~5!
for the electronic Green’s functionG1 andG2. Also in the
inelastic formalism the transition to the purely electron
Green’s function can be achieved. The elastic channel c
ponentG@0,0# can be expressed through the purely electro
Green’s function under the assumption that the nuclear
netic energyTn commutes with the electronic Hamiltonia
He :
e

.

n
d
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G@0,0#~rt,r8t8! ——→
@Tn ,He#→0E dRf0* ~R!G~rt,r8t8!f0~R!.

~21!

For the inelastic components we find an expression that
minds us of the adiabatic-nuclei approximation:

G@n,m#~rt,r8t8! ——→
@Tn ,He#→0E dRe2 i ~E0m2E00!tfn* ~R!

3G~rt,r8t8!fm~R!ei ~E0n2E00!t.
~22!

The phase factors account for the different reference ener
of the channel states.

III. DYSON EQUATION AND DYNAMICAL
SELF-ENERGY

In this section we will derive Dyson’s equation for th
dynamical Green’s function and we will show that the d
namical self-energy can easily be expressed as a genera
tion of the purely electronic self-energy. Before turning
the dynamical Green’s function, however, we will briefl
review the algebraic derivation of Dyson’s equation for t
traditional single-particle Green’s function. The Dyson equ
tion for the dynamical Green’s function will then follow ea
ily as a generalization of this procedure.

A. The Dyson equation for the electronic Green’s function

The following derivation of the Dyson equation is close
spirit to Refs.@42,43#. In the present form it has already bee
given in Ref.@44#. For convenience we use the represen
tion of the Green’s functions in the frequency domain a
orbital representation in this section as defined by Eqs.~7!
and ~18!.

The definition~7! of the electronic Green’s function ma
be written in a more compact form, combining the partic
and the hole propagator. To this end we introduce the
lowing composite vectors:

uYp&5S ap
†uC0

N&

^C0
Nuap

†D ~23!

and the matrix

H̆5S He2V0~R! 0

0 V0~R!2He
D . ~24!

We can rewrite Eq.~7! by formally expressing the single
particle Green’s function as a matrix element of the resolv
of H̆ with respect to the statesuYp&:

Gpq~v!5K YpU 1

v2H̆
UYqL . ~25!

Here, we omitted theih terms to avoid clumsy notation. Th
time ordering controlled by these terms is usually not imp
tant but may become relevant in time-dependent formu
tions of scattering theory~see Sec. IV A!.

The scalar product of the composite vectorsuYp& now
includes the matrix-vector product where bras always m
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to the left and kets move to the right. With respect to t
canonical scalar product, the vectorsuYp& fulfill the follow-
ing orthonormality relation:

^YpuYq&5^C0
Nuapap

†uC0
N&1^C0

Nuaq
†apuC0

N&5dpq .

When theN-electron wave functionuC0
N& is approximated

by a Slater determinant, the vectoruYp& contains either a
single-hole state, ifp refers to an unoccupied orbital, or
single-particle state, if not. In the more general case o
correlated wave functionuC0

N&, the vectorsuYp& mix (N
21)- and (N11)-electron states. Note that in either ca
and for arbitrary single-particle indicesp, the vectorsuYp&
may be seen as orthogonal states that span a linear s
with the same dimension as~or isomorphous to! the single-
particle Hilbert space. We will call the space spanned by
vectors$uYp&%p the primary space. Since the primary state
uYp& and their linear combinations are not, in general, ex
eigenstates of the electronic HamiltonianHe , they couple to
the higher excitations like two-particle-one-hole excitatio
one-particle-two-hole excitations, etc. The space of hig
excitations will be called thesecondary space@45#. The con-
cept of single-hole, two-particle-one-hole excitations, etc.
of course, only adequate when the target stateuC0

N& is domi-
nated by a single configuration. In general,uC0

N& will be
represented by a correlated wave function and thus the
mary and the secondary space cannot be easily express
single-configuration basis states. For an explicit construc
of a basis for the secondary space that allows for conven
approximations to the Green’s function or the self-energy
the framework of the so-called intermediate state represe
tions see Refs.@42,46#. In the following we assume that w
have a basis of the composite space$uQJ&%J that consists of
the primary states$uYp&%p augmented by any suitable bas
for the secondary space. The particular choice of the b
for the secondary space does not matter.

We may now proceed to derive the Dyson equation a
define the self-energy setting out from Eq.~25!. The basis
$uQJ&%J of the composite space defines a basis set repre
tation H̆= of the matrix HamiltonianH̆:

@H̆= # IJ5^QI uH̆uQJ&. ~26!

By virtue of the subdivision of the basis set into two par
the matrixH̆= is structured into blocks:

H̆=5S H̆= aa H̆= ab

H̆= ba H̆= bb
D . ~27!

The block indexa refers to primary states$uYp&%p andb to
the rest of the basis$uQJ&%J . The upper left block of this
matrix is readily evaluated using Eqs.~23! and ~24!:

@H̆= aa#pq5^YpuH̆uYq&5^C0
Nu$ap ,@H̆,aq

†#%uC0
N&. ~28!

It is easily seen, now, that the electronic Green’s funct
of Eq. ~25! can be understood as the upper left block of
inverse matrix:
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G= ~v!5S 1

v1=2H̆=
D

aa

. ~29!

The proof follows by using the completeness of the ba
$uQJ&%J and the orthonormality of the primary state
$uYp&%p . By simple matrix partitioning, the inverse matrix o
the Green’s functionG= (v) can be expressed by

G= ~v!215v1=2H̆= aa2H̆= ab

1

v1=2H̆= bb

H̆= ba . ~30!

In order to define the self-energy and to make contac
the usual form of Dyson’s equation, we introduce a pert
bation theoretic separation of the electronic HamiltonianHe
into a zeroth-order part, an interaction part, and the inter
clear repulsion termUN(R), which does not act as an oper
tor on the electronic coordinates:

He5He,01He,11UN~R!. ~31!

The zeroth-order partHe,0 is a one-particle operator of th
form

He,05(
i j

« i j ai
†aj . ~32!

A convenient choice may be realized by the electronic
netic energy or the Hartree-Fock operator. We do not
mand the operatorHe,0 to be diagonal in the given orbita
basis but a diagonalizing choice of the single-particle basi
always possible. E.g., ifHe,0 is chosen to represent the k
netic energy, the matrix«= with the matrix elements@«= # i j
5« i j becomes diagonal in the momentum representation
atomic units, the diagonal element is then simply given
«p5p2/2. In practical applications,He,0 is often chosen the
Hartree-Fock operator.

On the assumption that the electronic-ground-state w
function uC0

N& and energyV0(R) both possess well-behave
perturbation expansions, the zeroth order of the matrixH̆= aa
can be easily evaluated from Eq.~28! to give the matrix of
the zeroth-order orbital energies:

H̆= aa
~0!5«= . ~33!

It is also easy to see that the zeroth orders of the off-diago
blocksH̆= ab andH̆= ba vanish and hence the zeroth-order ele
tronic Green’s functionG(0) is found from Eq.~30! to yield

G= ~0!~v!5
1

v1=2«=
. ~34!

The electronic self-energy is defined by

S= ~v!5H̆= aa5«=1H̆= ab

1

v1=2H̆= bb

H̆= ba ~35!

and Eq.~30! remains

G= ~v!5
1

v1=2«=2S= ~v!
. ~36!

This is equivalent to the common form of Dyson’s equatio

G= ~v!5G= ~0!~v!1G= ~0!~v!S= ~v!G= ~v!. ~37!
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B. The Dyson equation for the dynamical Green’s function

We will show in the following that a Dyson equation fo
the dynamical Green’s functionG can be derived in an analo
gous manner, using the concepts of the preceding sec
We will discuss in particular the dependence on the nuc
coordinates, which becomes important because of the in
duction of the nuclear kinetic-energy operator.

Just like the electronic Green’s function, the dynami
Green’s functionG of Eq. ~18! can be written in a compac
form combining the ionization and attachment parts. Us
the composite statesuYp& of Eq. ~23! and the electronic ma
trix Hamiltonian H̆ of Eq. ~24!, we can rewrite the expres
sion ~18! for the dynamical Green’s function to give

Gpq~v!5K YpU 1

v2H̆2Hn1E00
UYqL . ~38!

We again dropped theih terms here for brevity. Also the
232 unit matrix that allowsv, Hn , andE00 to be applied to
the two-component vectoruYp& is omitted. The particularly
simple and compact form of this expression can be seen
preliminary justification for the particular choice ofG2 in the
definition ~16!. Dyson’s equation can now easily be deriv
in an analogous way to the preceding section.

Comparing with the expression~25! for the electronic
Green’s function, we see that only the term2Hn1E00 is
additionally present in the dynamical Green’s function of E
~38!. The molecular ground-state energyE00 is just a con-
stant and defines the zero point of thev scale. The
‘‘nuclear’’ Hamiltonian Hn5Tn1V0(R) introduces the
nuclear kinetic-energy operatorTn , which is a differential
operator on the nuclear coordinatesR. It is therefore useful
to consider theR dependence of the quantities used in t
derivation of the Dyson equation.

The matrix operatorH̆ contains the electronic Hamil
tonianHe and the ground-state energyV0(R). Both quanti-
ties depend on the nuclear coordinatesR and thus care has t
be taken becauseH̆ and Hn do not commute. For the mo
ment we want to assume that the electronic orbital basis
defines the electronic creation operatorsap

† is independent of
the nuclear coordinatesR. This is the case, e.g., for the mo
mentum or position-space representation. This restrictio
just convenient for the derivation of the Dyson equation
not essential and we will see later~Sec. IV C! that it can be
lifted as long as the chosen single-particle basis for the e
trons is complete. TheR dependence of the composite sta
uYp& of Eq. ~23! now derives entirely from the electroni
ground stateuC0

N&. As we already mentioned in Sec. II B, w
assume that the Born-Oppenheimer approximation is v
for the electronic ground state and thus the nuclear kin
energyTn commutes withuC0

N&. Consequently we may as
sume that the nuclear HamiltonianHn commutes with the
composite statesuYp&. We also assume that the basis sta
uQJ& of the secondary space are conveniently chosen, s
that the commutator withTn or Hn can be neglected. An
appropriate choice is always possible@47#. The nuclear
HamiltonianHn can consequently be pulled out of any m
trix element involving the basis states of the composite e
tronic space and thus the matrix representation ofHn in this
basis is proportional to the unit matrix:
n.
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^QI uHnuQJ&5d IJHn . ~39!

In analogy to Eq.~29! we can understand the dynamic
Green’s functionG as the upper left block of an invers
matrix:

G
=
~v!5S 1

~v2Hn1E00!1=2H̆=
D

aa

. ~40!

The elements of this matrix are now operators acting on
nuclear coordinates. Matrix partitioning can be applied an
completely analogous to the case of the electronic Gree
function.

Owing to the partitioning~31! of the electronic Hamil-
tonianHe into a zeroth-order and interaction part, we find f
the zeroth-order dynamical Green’s function

G
=

~0!~v!5
1

~v2Hn1E00!1=2«=
, ~41!

where«= is again the matrix of zeroth-order single-electr
energies. In the simple case where the electronic kinetic
ergy is chosen as the zeroth-order electronic Hamilton
He,0 , the matrix«= is diagonal in the momentum represent
tion and independent of the nuclear coordinatesR as men-
tioned in Sec. III A. The zeroth-order dynamical Green
function G(0) now is also diagonal and describes the sim
taneous motion of a free electron and the vibrations~or ro-
tations! of the isolated target molecule.

In the more general case where the matrix«= depends onR
~if, e.g.,He,0 is chosen theR-dependent Hartree-Fock oper
tor!, the zeroth-order propagatorG(0) may be understood to
describe the coupled motion of a vibrating~or rotating! mol-
ecule in the electronic ground state and a single electron
moves under the influence ofR-dependent mean fields. Sinc
the zeroth-order electronic HamiltonianHe,0 is a one-particle
operator, the motion of the scattering electron is decoup
from the target electrons. The effective Hamiltonian for t
coupled projectile and nuclear motion is thus independen
the scattering energy and simply given byHn1He,02E00.
The zeroth-order Green’s functionG(0) is the resolvent of
this effective Hamiltonian.

For the full dynamical Green’s function we find

G
=
~v!5

1

~v2Hn1E00!1=2«=2A= ~v!
, ~42!

where the dynamical self-energyA is defined by

A= ~v!5H̆= aa2«=1H̆= ab

1

~v2Hn1E00!1=2H̆= bb

H̆= ba . ~43!

In comparison to the zeroth-order case, the dynamical s
energyA~v! now accounts for the many-body nature of t
molecular target. We will demonstrate in the next sect
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that A~v! indeed is an optical potential for~electronically
elastic! electron-molecule scattering. It is remarkable that
nuclear HamiltonianHn appears in the self-energyA~v! to-
gether with thev dependence and thus introduces derivati
with respect to the nuclear coordinates. As we shall se
detail later, the dynamical self-energy thus becomes a n
local operator not only in the electronic but also in t
nuclear coordinates. In Sec. IV D we will discuss the me
ing of the nuclear Hamiltonian appearing in the dynami
self-energy and possible approximations.

In a very formal manner,A~v! can be expressed by th
usual electronic self-energyS~v!:

A= ~v!5S= ~v2Hn1E00!. ~44!

Before we turn to the discussion of the scatteringSmatrix
and the optical potential in the next section, we would like
present the Dyson equation in terms of the inelastic Gree
function G@m,n# of Eq. ~19!. Carrying on the analogy to th
inelastic formalism of Ref.@41# will help us in the next sec-
tion to identify the dynamical self-energy with the optic
potential. The inelastic formalism also yields a slightly d
ferent view of the Dyson equation as the introduction
nuclear eigenfunctionsfn(R) formally leads to an equa
treatment of the electronic and nuclear degrees of freedom
the cost of having to introduce another sort of matrix indic

Instead of using the purely electronic basis$uQJ&%J , we
introduce the product basis$uQJ& ^ ufn&%J,n , whereufn& is
the abstract notation for the nuclear wave functionfn(R).
The expression~19! for the inelastic Green’s function in th
frequency domain and orbital representation then reads

G@m,n#~v!5KfmZK YpU 1

v2H̆2Hn1E00
UYqL ZfnL. ~45!

The bracket of the nuclear states^fmu•••ufn& implies inte-
gration over the nuclear coordinates. The derivation of
Dyson equation can now be redone using the matrix re
sentation defined by the product basis. In the following
denote matrices in the labels of the nuclear states n,m
boldface letters and matrices in the electronic state la
I,J,p,q with double underbars. The zeroth-order inelas
Green’s function becomes

G
=

~0!~v!5
1

~v1E00!1=2Hn1=2«=
. ~46!

The matrix of the nuclear HamiltonianHn is diagonal due to
the particular choice of the nuclear wave function basis:

@Hn#@m,n#5dmnE0n . ~47!

The full inelastic Green’s function reads

G
=
~v!5

1

~v1E00!1=2Hn1=2«=2A= ~v!
, ~48!

where the inelastic self-energyA= (v) is defined by

A= ~v!5H̆=aa2«=1H̆=ab

1

~v1E00!1=2Hn1=2H̆=bb

H̆=ba .

~49!
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Of course, matrix inversion and multiplication now have
include both sorts of matrix indices. The Dyson equation
the inelastic Green’s function can be written as

G
=
~v!5G

=

~0!~v!1G= ~0!~v!A= ~v!G
=
~v!. ~50!

Note that the inelastic self-energyA is merely another rep-
resentation of the dynamical self-energyA. The relation is
given by

Apq
@m,n#~v!5^fmuApq~v!ufn&. ~51!

IV. APPLICATION TO ELECTRON-MOLECULE
SCATTERING

In this section we discuss the relation of the dynami
Green’s function to the process of electron-molecule scat
ing. We introduce theSandT matrices of electronically elas
tic but vibrationally or rotationally inelastic scattering an
show how they can be calculated using the dynam
Green’s function formalism developed in the previous s
tions. We present an effective Schro¨dinger equation and dis
cuss the role of the dynamical self-energy as an optical
tential for the scattering process. A direct derivation of t
effective Schro¨dinger equation is given and possible appro
mations to the exact equations are discussed.

A. The S and T matrices of inelastic scattering

The relation of the dynamical Green’s function to theS
andT matrices of scattering theory is very similar to elas
electronic scattering off atoms or rigid molecules@5,6# and
completely analogous to the electronically inelastic ca
@41#. We therefore sketch the derivation only very briefly.

The S matrix for the processes we consider reads

S~p8m←pn!5^^Cp8
m2uCp

n1&&, ~52!

where the stationary scattering statesuCp
m6&& with incoming

~2! or outgoing~1! boundary conditions are defined by

uCp
n6&&5 lim

t→7`

e2 i ~«p1E0n2H !tap
†uC0

N&ufn&, ~53!

and the double bracket notation again implies integrat
over electronic and nuclear degrees of freedom. T
asymptotic states thus feature a free electron with mom
tum p and energy«p5p2/2 ~in atomic units! and an
N-electron molecular stateuC0

N&ufn& with the nth excited
vibration or rotation in the electronic ground state with e
ergy E0n . For definiteness we choose the electronic kine
energy as the zeroth-order electronic HamiltonianHe,0 in this
section, describing the motion of free electrons. Note that
scalar product of Eq.~52! implies integration over all coor-
dinates of theN11 electrons in addition to the integratio
over the nuclear coordinatesR.

The S matrix can be expressed by the particle part of
inelastic Green’s function of Eq.~19! in the momentum rep-
resentation as follows from the definition~14! and Eqs.~52!
and ~53!:
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S~p8m←pn!5 lim
t→1`
t8→2`

ei ~«p81E0m2E00!t

3Gp8p
@m,n#1

~ t,t8!e2 i ~«p1E0n2E00!t8. ~54!

The particle partG@m,n#1 may be replaced here by the fu
Green’s functionG@m,n# for two reasons.

~1! The hole partG@m,n#2 does not contribute because th
S matrix only contains information about the asymptotic
gion of scattering whereG@m,n#2 vanishes becauseapuC0

N&
vanishes. For the effective single-particle scattering eq
tions we are going to derive in the following, this means th
ensuring the correct outgoing boundary condition avo
contamination of the wave function by unphysical contrib
tions.

~2! The hole partG@m,n#2 does not contribute in the con
sidered time limit because of theu functions that appea
explicitly in Eqs. ~14! and ~16!. Therefore the particle par
may be replaced by the full Green’s function when the ti
ordering is treated properly.

We now introduce theinelastic improper self-energyT= (v)
in analogy to the common improper or reducible self-ene
@12,6# by rewriting Eq.~50! as usual by

G
=
~v!5G

=

~0!~v!1G
=

~0!~v!T= ~v!G
=

~0!~v!, ~55!

T= ~v!5A= ~v!1A= ~v!G
=

~0!~v!T= ~v!. ~56!

Following the derivations of Refs.@6,41# we can express the
scatteringS matrix by the improper self-energy:

S~p8m←pn!5dnmdpp822p iT p8p
@m,n#

~«p1E0n!

3d~«p81E0m2«p2E0n!. ~57!

The inelastic improper self-energyT @m,n# at the scattering
energy«p1E0n can thus be identified with the on-shellT
matrix of scattering theory. Following standard scatter
theory, we see from Eq.~56! that the inelastic self-energ
A@m,n#(v) @or equivalently the dynamical self-energyA~v!#
presents the~optical! potential for the scattering proces
A@m,n# is the optical potential for multichannel scatterin
where the channels are defined by the eigenstatesufn& of the
nuclear motion.

The relation of the inelastic improper self-energyT to the
improper self-energyT of the usual ~electronic! single-
particle Green’s function~@12,6#, see also@48# for explicit
expressions that can be useful in the present context! can be
described, in analogy to Eq.~44!, by

T= @m,n#~v!5^fmuT= ~v2Hn1E00!ufn&. ~58!

Note that this formal expression in fact expresses a ra
complicated relation of the purely electronic improper se
energyT= (v) and the inelastic scatteringT matrix because
the nuclear kinetic energy inHn formally appears as an en
ergy variable ofT= (v), which has itself a complicated depe
dence on the nuclear coordinatesR. If, however,Tn is omit-
ted in this expression replacingHn by V0(R), we can
-
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e
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recover the well-known adiabatic-nuclei approximation~AN!
of electron-molecule scattering:

T p8p
@m,n#~AN!

~v!5^fmuTp8p@v2V0~R!1E00#ufn&. ~59!

B. An effective Schrödinger equation

In the preceding section we identified the inelastic se
energy A@m,n# with the optical potential for multichanne
scattering. Consequently, effective one-particle equation
the Lippmann-Schwinger or Schro¨dinger type can be de
rived. In the multichannel picture one obtains sets of coup
equations, one for each combination of initial and final cha
nel. Instead of rederiving these equations, which can
found in Ref. @41# for the analogous case of electronical
inelastic scattering, we will discuss directly the tim
independent Schro¨dinger equation in the position-space re
resentation.

Any effective one-particle equation must involve expli
itly the coordinates of the scattering electron and the lab
of the nuclear states or, equivalently, the nuclear coordin
R. Instead of the full scattering wave function

uCp
n1~R!&5^RuCp

n1&&

5 lim
t→2`

e2 i ~«p1E0n2H !tap
†uC0

N&fn~R!, ~60!

which is the nuclear-coordinate representation of the sca
ing wave function of Eq.~53! and presents a wave functio
in the nuclear coordinates and an abstract ket in theN
11)-particle space, we introduce the effective or optic
wave functionf (r,R) by

f p
@n#1~r,R!5^C0

Nuc~r!uCp
n1~R!&. ~61!

This function can be calculated from the dynamical Gree
function G of Eq. ~13! by

f p
@n#1~r,R!5 lim

t8→`

E dr8^RuG~r,0;r8,t8!ufn&

3wp~r8!e2 i ~«p1E0n2E00!, ~62!

wherewp(r) is a plane wave. The relation to the scatteringS
matrix is given by@5,41#

S~p8m←pn!5E dRE drfm* ~R!wp8
* ~r! f p

@n#1~r,R!. ~63!

An effective Schro¨dinger equation for the considered scatte
ing problem reads

@He,01Hn1A~E!2E00# f p
@n#1~r,R!5E fp

@n#1~r,R!, ~64!

as follows by analogy from Refs.@41,5,6#. A self-contained
derivation of this equation using projection operators w
also be given in Sec. IV C. In the effective Schro¨dinger equa-
tion ~64!, E denotes the total energy with respect to the z
point defined at the molecular ground-state energyE00. This
zero point is related to a situation where the scattering e
tron is so far away that it does not feel any forces exerted
the target, which is in its ground state, and the particle
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well as the projectile are at rest. The zeroth-order electro
HamiltonianHe,0 is an operator acting only on the coord
natesr of the scattering electron. According to the choice
Sec. IV A, it consists of the electronic kinetic energy a
describes the motion of a free electron. Equation~64!, how-
ever, is also valid if the Hartree-Fock operator is chosen
the zeroth order. In this case,He,0 contains also the static
exchange potential of the target molecule. The nucl
HamiltonianHn acts only on the nuclear coordinatesR and
describes the nuclear motion of the target molecule in
electronic-ground-state potentialV0(R). The dynamical self-
energy A(E) of Eqs. ~43! and ~44! appears here in the
coordinate-space representation and takes account of
complex many-body nature of the molecular target. It acts
a nonlocal~integral! operator in the electron coordinatesr
and also in the nuclear coordinatesR:

A~E! f ~r,R!5E dR8E dr8A~r,R,r8,R8,E! f ~r8,R8!. ~65!

Introducing the operator

L~E!5He,01Hn1A~E!2E00, ~66!

which can be seen as an analog of the Layzer operator@49#
of the usual single-particle Green’s function, the effect
Schrödinger equation~64! can be written as

L~E! f ~r,R!5E f~r,R!. ~67!

This is formally a pseudoeigenvalue equation because
eigenvalueE also determines the operatorL(E). In the scat-
tering regime (E.0) there is, of course, a solution for eve
E and the problem of solving Eq.~67! is to find a wave
function f (r,R) with the correct boundary conditions suc
that the equation is fulfilled at a given scattering energyE.
We usually identify the dynamical self-energyA(E) with the
dynamical optical potential althoughA(E) is not the only
non-kinetic-energy component ofL(E).

As it stands, the effective Schro¨dinger equation~64! or
~67! is an exact equation but, of course, approximations h
to be introduced in most cases to determine the integ
differential operatorL(E). We will discuss some possibili
ties in Sec. IV D. The best strategy to solve Eq.~64! then
certainly depends on the level of approximation introduc
in the determination ofL(E) and on the nature of the prob
lem to be solved. A variety of methods is available. F
example, close-coupling@27,28# or the other methods men
tioned in Sec. I can be used to solve Eq.~64! directly for the
scattering wave functions. Resonances may also be ca
lated using bound-state techniques by employing
complex-rotation method@50,51#, complex absorbing poten
tials @52–54#, or the stabilization method@55#, etc. If neces-
sary, the eigenvaluesE may be found by iteration. Any othe
standard method for solving scattering problems will also
since the corresponding Lippmann-Schwinger or effect
time-dependent Schro¨dinger equation may also be used
starting points.

C. A direct derivation of the scattering equations

We will now show how to derive the effective Schro¨-
dinger equation~64! directly from the Schro¨dinger equation
ic
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for the full scattering problem, which comprises the moti
of N11 electrons and the nuclear motion. This derivation
fully equivalent to the derivation sketched in Sec. IV A. A
though the dynamical Green’s function and its Dyson eq
tion do not appear explicitly, the direct derivation, whic
uses projection operators in a composite Hilbert space w
particle and hole states, is firmly based on Green’s funct
theory and has to be seen as the result of recent deve
ments in this area@42,43#. While traditional many-body
Green’s function theory supplies powerful methods to co
pute the dynamical optical potential approximatively~see
Sec. IV D!, the projection-operator formulation of Dyson
equation~43! yields a complementary way of reflecting o
the Green’s function approach and its relation to Feshb
projection. Reconsidering in this section the algebra of S
III will help us to further clarify the role of anR dependence
in the electronic single-particle basis and in the electro
ground stateuC0

N&. We will also have an opportunity to dis
cuss the role of unphysical contaminations of the opti
wave function.

We start from the time-independent Schro¨dinger equation
for the full scattering problem ofN11 electrons and the
atomic nuclei:

~H2E00!uC tot~R!&5EuC tot~R!&. ~68!

The total wave functionuC tot(R)& is an arbitrary solution of
the Schro¨dinger equation like, e.g., the scattering wave fun
tion uCp

n1(R)& of Eq. ~60!. The eigenvalueE measures the
energy of the scattering system relative to the molecu
ground-state energyE00. Following Eq.~9!, we split the to-
tal HamiltonianH into the electronic partHe and the nuclear
kinetic energyTn . Adding and subtracting the ground-sta
potential V0(R) and introducing the nuclear Hamiltonia
Hn5Tn1V0(R) of Eq. ~10!, we may write

@He2V0~R!1Hn2E00#uC tot~R!&5EuC tot~R!&. ~69!

By introducing the 232 matrix operatorH̆ of Eq. ~24! we
may rewrite Eq.~69! into the two-component equation

@H̆1~Hn2E00!1= 2#S uC tot~R!&
0 D5ES uC tot~R!&

0 D , ~70!

where 1= 2 is the 232 unit matrix. Since the second compo
nent of the vector„uC tot(R)&,0…t is set to zero, Eq.~70! is
completely equivalent to the initial Schro¨dinger equation
~68!. However, the vector„uC tot(R)&,0…t may also be seen a
an element of the compositeY space of Ref.@45#. We now
introduce the projection operator

P5(
q

uYq&^Yqu, ~71!

projecting onto the primary space, which is spanned by
vectors $uYp&% of Eq. ~23!. By definition, the projectorP
primarily acts on the electronic degrees of freedom. Ho
ever, we also have to consider the dependence on the nu
coordinatesR because the nuclear kinetic energyTn con-
tained in the nuclear HamiltonianHn introduces derivatives
with respect toR into Eq. ~70!. The nuclear-coordinate de
pendence ofP derives directly from the electronic groun
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stateuC0
N&, as can be seen from the definition~23! of uYp&

when we assume that the basis of single-particle orbi
wp(r ) is independent ofR. Since the primary space and co
sequently the projectorP are invariant under a change of th
single-particle basis, this also holds true whenR-dependent
orbitals like, e.g., Hartree-Fock orbitals are chosen, as l
as they form a complete basis of the single-particle spa
Consequently a formulation employing the projection ope
tors P and Q512P remains independent of the choice
the single-particle basis and thus anR dependence of the
orbitals does not matter.

We already discussed in Sec. III B that we want to ad
the Born-Oppenheimer approximation for the electro
ground stateuC0

N&. In particular, we assume theR depen-
dence of the electronic ground stateuC0

N& to be weak. As a
consequence, the projection operatorP commutes with the
nuclear kinetic energyTn and therefore also withHn :

@P,Tn#5@P,Hn#50. ~72!

We want to stress once more that we assume the B
Oppenheimer approximation only for the nuclear motion
the electronic ground state of theN-electron molecule, which
is physically reasonable for many molecules. However,
neither implies adiabaticity for the scattering electron nor
excited states of the scattering complex. By way of contr
the nonadiabatic coupling of the projectile motion to t
nuclear motion, which can be very important for slow pr
jectiles, is explicitly accounted for in our formalism.

Defining the operatorQ512P as a projector onto the
secondary space~1 is here the identity operator inY space
@45#!, we can easily partition Eq.~70! in order to obtain an
effective equation in the primary space. We take the follo
ing steps.

Inserting the identity 15P1Q into Eq. ~70! yields

H̆~P1Q!S uC tot~R!&
0 D5~E2Hn1E00!S uC tot~R!&

0 D . ~73!

Acting on this equation withQ from the left and using
@Q,Hn#50, which follows from@P,Hn#50, yields an equa-
tion for the secondary-space component of the total w
function Q„uC tot(R)&,0…t:

H̆QPPS uC tot~R!&
0 D5~E2Hn1E002H̆QQ!QS uC tot~R!&

0 D .

~74!

Here we introduced the notationH̆QP for the operator prod-
uct QH̆P, etc. Using Eq.~74! to replace the secondary-spa
component from theP projection of Eq.~73! leads to the
desired equation for the primary-space component of
wave function:

F H̆PP1Hn2E002H̆PQ

1

E2Hn1E002H̆QQ

H̆QPG
3PS uC tot~R!&

0
D 5EPS uC tot~R!&

0
D . ~75!
ls
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This is the resulting form of the time-independent Sch¨-
dinger equation projected to the primary space. The p
jected component fulfills a pseudoeigenvalue equation w
an energy-dependent operator on the left-hand side. This
erator acts on the nuclear coordinatesR and on the electronic
coordinates, but only within the primary space, which is is
morphous to the one-particle space~as was discussed in Se
III A !.

In the following we will make contact to our previou
formulation and identify the self-energy of the dynamic
Green’s function as the optical potential. The primary-spa
component of the wave function is given by

PS uC tot~R!&
0 D5(

q
uYq&F ^Yqu S uC tot~R!&

0 D G5(
q

uYq& f q~R!,

~76!

where f q(R)5^C0
NuaquC tot(R)& is the effective wave func-

tion of Eq.~61! in the orbital representation. Taking the inn
product of Eq.~75! with ^Ypu from the left yields

(
q

S ^YpuH̆uYq&1~Hn2E00!dpq

2^YpuH̆Q
1

E2Hn1E002H̆QQ

QH̆uYq& D f q~R!

5E fp~R!. ~77!

The first term on the left can be identified as the prima
block H

= aa of Eq. ~28!, which splits into the zeroth-orde
energy matrix«= and the static~i.e., energy-independent! part
of the self-energyA

=
(`) according to Eq.~43!. Also the

energy-dependent part ofA
=

(v) can be identified in Eq.~77!

when the representation

Q5( 8
J

uQJ&^QJu ~78!

is chosen for the projector to the secondary space. The
(8 runs over the basis statesuQJ& of the secondary spac
only @cf. Eqs.~26! and ~27!#. We obtain

(
q

@«pq1~Hn2E00!dpq1Apq~v!# f q~R!5E fp~R!. ~79!

The effective Schro¨dinger equation in the form of Eq.~64! is
obtained when using the coordinate representation instea
the orbital representation for the scattering electron and r
izing that the matrix«= is the orbital representation of th
operatorHe,0 of Eq. ~32! in the one-electron space. As dis
cussed earlier in this subsection, the projection operatorP
and Q are completely independent of the choice of t
single-particle basis and thus Eq.~79! holds in the momen-
tum, in the coordinate space, and in arbitrary orbital rep
sentations. We are also not restricted to a particular choic
the zeroth-order electronic HamiltonianHe,0 , represented by
the matrix«= in Eq. ~79!. Any single-particle operator, which
may or may not depend onR, is possible. A convenien
choice for the electron-molecule scattering problem is c
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tainly to choose the Hartree-Fock operator forHe,0 because
this simplifies the calculation of the self-energyA~v!. In this
case,He,0 contains the electronic kinetic energy as well
the static-exchange potential.

So far, we have proven that the projectionf (r,R) of Eq.
~61! of the physical scattering wave function fulfills the e
fective Schro¨dinger equation~64!. There are also unphysica
solutions of this equation due to the introduction of the s
ond component in Eq.~70!. The unphysical component live
in the Hilbert space ofN21 electrons, coupled to the sam
nuclear degrees of freedom as the physical component. S
the Hamiltonian for the second component from Eq.~70! is
given by

V0~R!2He1Hn2E0052@He2Tn22V0~R!1E00#, ~80!

the nuclear dynamics is not treated in the correct way
describe an ionized molecule becauseHe andTn have oppo-
site sign. If we want to apply the formalism of the dynamic
optical potential to describe the dynamics of ionized m
ecules, the definition of the Hamiltonian has to be chan
accordingly.

Coming back to the description of the electron-scatter
problem we want to consider the question of how to iden
unphysical solutions and whether the unphysical compon
can interfere with the physical solutions. The answer to th
questions is easily given when the scattering boundary c
ditions are obeyed correctly: Since the electronic grou
state of the scattering targetuC0

N& represents a bound stat
any overlap̂ Cuc(r)uC0

N& is a square-integrable function o
r vanishing asymptotically foruru→`. Consequently, the
same holds true for the effective wave functionf unphys(r,R)
belonging to an unphysical solution of Eq.~70!,

f unphys~r,R!5F ^Y~r!uS 0

^Cunphys
N21 ~R!u D G

5^Cunphys
N21 ~R!uc~r!uC0

N&, ~81!

as a function ofr. As long as one solves the effective Schr¨-
dinger equation ~64! or the corresponding Lippmann
Schwinger equation imposing scattering boundary conditi
on the effective wave functionf (r,R), one obtains a physica
solution. Even a contamination of the physical solution w
a short-range unphysical solution will do no harm beca
for the calculation of theS-matrix elements only the
asymptotic behavior of the effective wave function enters

Let us briefly examine the only approximation made
the derivation of Eq.~75!. Without the approximation~72!,
which allowed the commutation of the nuclear kinetic ene
Tn with the projection operatorsP and Q, additional terms
proportional toPHnQ and QHnP appear in the projected
Schrödinger equation. These terms describe virtual exc
tions from the primary to the secondary space, which m
an electronic excitation in the target molecule, mediated
the nuclear kinetic-energy operator. These terms com
with excitations by the electronic HamiltonianPHeQ and
QHeP against which they can usually be neglected. The o
exemption may be given in cases where the Bo
Oppenheimer approximation for the electronic ground s
fails and the potential surfaces of the electronic ground
excited states of the target molecule come close to e
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other. In these rare cases, the vibronic interactions have t
accounted for and a diabatic representation for the gro
state may be adequate. The dynamical optical potential t
has to be augmented by terms that describe the corresp
ing vibronic transitions.

D. Approximative scattering equations

In this subsection we want to discuss different approxim
tions to the exact scattering equations and the physical m
els these approximations imply. In the first two points w
will consider possibilities to regain well-known approxima
descriptions of electron-molecule scattering by either
glecting the energy-dependent optical potential or by fre
ing the nuclear degrees of freedom in the exact equa
~67!. In the last two points we will concentrate on the d
namical optical potential itself. Apart from discussing th
role of the nuclear dynamics within the optical potential w
will show how to compute ab initio dynamical optical pote
tials.

1. Static approximations to the optical potential

First of all we want to consider the simplest of all a
proximations to the optical potential, which results by n
glecting the optical potentialA~v! altogether. Formally this
approximation is equivalent to neglecting the interaction p
He,1 in the electronic HamiltonianHe of Eq. ~31!. This
equivalence follows easily from Eq.~44!, which connects the
dynamical self-energyA~v! to the usual self-energyS~v!,
which is by definition at least of first order inHe,1 @12#. In
other words we can say that, neglecting the dynamical s
energyA~v!, the effective Schro¨dinger equation~64! is still
exact for physical systems where the scattering electro
not correlated with other electrons in the system and thu
well described byHe,0 . The one-particle operatorHe,0 may
still contain mean fields or forces exerted by the atomic
clei or external fields, of course.

The level of approximation gained with the resultin
static ~i.e., energy-independent! Layzer operatorLst5He,0
1Hn2E00 depends on the choice of the zeroth-order el
tronic HamiltonianHe,0 .

~1! ChoosingHe,0 to describe the electronic kinetic en
ergy yields a Layzer operatorLst that describes the separab
motion of a free electron and a vibrating or rotating targ
molecule in its electronic ground state.

~2! Choosing insteadHe,0 to describe theR-dependent
Hartree-Fock operator yields a static Layzer operator t
describes the motion of the scattering electron under the
fluence of the static and the exchange interactions with
Hartree-Fock charge cloud of the target molecule coupled
the nuclear motion in the usual electronic-ground-state
tentialV0(R) augmented by the Coulomb attraction betwe
the nuclei and the electronic projectile. This approximati
gives a consistent treatment of the electron-molecule sca
ing problem in the strict single-particle picture. Project
and nuclear motion are fully coupled but the very nature
this static approximation excludes polarization effects
well as the possibility of electronic excitation of the targ
caused by the impact of the scattering projectile. Anot
defect of this Hartree-Fock based static-exchange appr
mation is that the static charge cloud of the target molecul
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only described in an approximate~uncorrelated! manner
through the Hartree-Fock wave function.

Another straightforward possibility for an energ
independent approximation to the dynamical optical pot
tial is to include the high-energy limit of the self-energ
A~`!, which is also called the static self-energy. The sta
part of the dynamical self-energyA~`! is identical to the
purely electronic static self-energyS~`!, as can be seen from
Eqs.~35! and~43! @see also Eq.~44!#. As shown in Ref.@56#,
this nonlocal operator can be interpreted to improve
static-exchange interaction beyond the Hartree-Fock des
tion of the target wave function including target correlatio
The present approximation to the Layzer operatorLCSE

5He,01Hn1A(`)2E00 is independent of the choice of th
zeroth-order electronic HamiltonianHe,0 in Eq. ~31! because
the static self-energy takes account of the interaction t
He,1 . The Layzer operatorLCSE corresponds to a scatterin
potential that originates from a correlated but static cha
distribution of the target molecule, which is also known
the correlated static-exchange~CSE! potential.

Approximations to the energy-dependent part of the
namical optical potential in the context of the fully couple
scattering problem will be discussed in Secs. IV D 3 a
IV D 4. In the following paragraph we will consider the sim
plified case where the nuclear dynamics is neglected a
gether.

2. Fixed-nuclei scattering

Let us recall that the full Layzer operatorL may be ex-
pressed with the help of Eq.~44! by

L~E!5He,01Tn1V0~R!1S@E2Tn2V0~R!1E00#2E00.
~82!

In the limit of infinitely heavy nuclei, the nuclear kineti
energy Tn can be neglected. We call this limit thefixed-
nuclei ~FN! limit because the Layzer operator

LFN~E!5He,01S@E2V0~R!1E00#1V0~R!2E00 ~83!

and the corresponding scattering wave functionf (r,R) of Eq.
~64! now depends only parametrically on the nuclear coo
natesR. The operatorLFN(E) is exactly the Layzer operato
used in the literature for electron scattering from atoms
rigid molecules@4,49,5# apart from theR-dependent energy
shift V0(R)2E00. This energy shift resets the zero point
the energy scale fromE00 to V0(R).

In the present case of fixed-nuclei scattering, the opt
potential is given by the purely electronic self-energyS~v!.
As mentioned earlier, the static partS~`! improves the
static-exchange potential with respect to the correlation
the target’s electronic-ground-state wave function. T
energy-dependent partM (v)5S(v)2S(`) is, according
to Eq. ~35!, given by

M= ~v!5H̆= ab

1

v1=2H̆= bb

H̆= ba . ~84!

For convenience, we again resort to the matrix notation
electronic coordinates used already in the preceding sect
Of course, the matrices can also be expressed in the co
-
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nate representation.M (v) accounts for the so-called dy
namic correlation including the polarization of the target
the incident projectile electron@57#. The energy dependenc
of M (v) has been studied in the literature@58# and the con-
sequences of the energy dependence of optical potential
scattering systems have been discussed@2#. Here, we briefly
want to remark the following.

M (v) introduces poles and branch cuts in the optical p
tential, which can be found by diagonalizing the denomina
of Eq. ~84!. The matrixH̆= bb in the denominator is alread
diagonal in zeroth order, e.g., in the Hartree-Fock appro
mation. The diagonal elements correspond to electronic
citations of the (N11)- and (N21)-electron systems an
can be classified by configurations of 2p-h, 3p-2h, etc.
character as well as configurations ofp-2h, 2p-3h type, and
so on. Explicit matrix representations forH̆= ab , H̆= ba , and
H̆= bb can be found in Ref.@42#.

For the calculation ofS~v!, standard approximation
schemes are available. The so-called algebraic diagramm
construction ~ADC! scheme @14#, for example, yields a
perturbation-theory-based hierarchy of approximations
S~v! that preserve the analytic structure of this function
v, in contrast to ordinary perturbation theory, which do
not. The ADC approximation toS~v! has the structure of Eq
~35! but the matricesH̆= i j are constructed in thenth-order
ADC scheme such that the perturbation expansion of
approximateSADC(v) with respect to the electronic interac
tion He,1 of Eq. ~31! coincides up tonth order with the usual
Feynman-Dyson perturbation series ofS~v!.

Since the poles and cuts relating to the ionized molec
(N21 electrons! appear at negative energies, they only ha
a weak influence on the energy dependence of the op
potential at the relevant scattering energies. The poles
cuts at positive energies, however, can be associated
excited states of the (N11)-electron scattering system. Sig
natures of Feshbach resonances therefore can be found i
dynamic part of the optical potential although the exact re
nance position and width, of course, have to be calcula
from the full effective Hamiltonian. A branch cut will appea
in the analytic structure ofS~v! above the first excitation
energy of the target molecule because with sufficient ene
for an electronic excitation, a new channel opens and ine
tic scattering becomes possible. The branch cut ofS~v! has
the consequence that the optical potential acquires an im
nary component and becomes non-Hermitian, thereby
counting for the loss of amplitude in the channel of electro
cally elastic scattering.

3. Nuclear dynamics in the optical potential:
Expansion with respect to Tn

We are now going to discuss the influences of the nuc
motion on the dynamical optical potentialA(E). The dy-
namical self-energyA(E) as given by Eq.~43! consists of an
energy-independent~static! part A~`! and an energy-
dependent partM(E)5A(E)2A(`), which vanishes for
large energiesE. The energy-dependent partM(E) includes
all effects of dynamic correlation including polarization b
is now modified with respect to the fixed-nuclei case cons
ered in Sec. IV D 2. As follows from Eq.~43!, the energy-
dependent part reads in matrix notation
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M= ~E!5H̆= ab

1

@E2Tn2V0~R!1E00#1=2H̆= bb

H̆= ba . ~85!

As before,Tn denotes the nuclear kinetic energy,V0(R) the
~electronic! ground-state potential,E is the scattering energy
andE00 the molecular ground-state energy. The matricesH̆= i j
are the partial matrix representations of the two-compon
electronic excitation-energy operatorH̆= , introduced in Sec.
III A, and depend on the nuclear coordinatesR. In order to
diagonalize the denominator to find the pole structure
M(E), not only eigenvectors ofH̆= bb corresponding to elec
tronic eigenstates in the secondary space are necessar
instead one also has to consider the additional degree
freedom of nuclear motion. Since the energies usually a
ciated to the nuclear dynamics are much smaller than typ
energies of electronic excitations, we may assume that
coarse structure of the energy dependence does not d
much from the fixed-nuclei case discussed in Sec. IV D
However, the nuclear dynamics will introduce a fine stru
ture and may become very important, either at energ
where electronic excitation is possible or nearly possible
in situations that are very sensitive to disturbance of the s
tering potential, e.g., close to vibrationally inelastic thres
olds.

As long as the scattering energies are safely away f
Feshbach resonances or inelastic thresholds, the influenc
nuclear dynamics on the optical potential itself may either
neglected or accounted for approximately by expansion
the denominator in Eq.~85!. We will now proceed to discus
two convenient expansions forM= (E).

Closest in spirit to the previously discussed fixed-nuc
approximation is the assumption thatTn represents a sma
perturbation, suggesting the following type of expansion:

M= ~E!5H̆= ab

1

@E2V0~R!1E00#1=2H̆= bb

3 (
n50

` S Tn

1

@E2V0~R!1E00#1=2H̆= bb
D n

H̆= ba .

~86!

In the present context, we call the first term of this expans
(n50) theadiabatic optical potential~AOP!:

A= AOP~E!5H̆= aa2«=1H̆= ab

1

@E2V0~R!1E00#1=2H̆= bb

H̆= ba

5S= @E2V0~R!1E00#. ~87!

Formally, the adiabatic optical potentialAAOP(E) coin-
cides with the optical potential used in fixed-nuclei scatter
in Sec. IV D 2. The difference is that the nuclear coordina
R are now dynamical variables. The adiabatic optical pot
tial AAOP(E) is a local operator on the nuclear coordinatesR
becauseV0 and the matricesH̆= i j depend onR but there are
no derivatives with respect toR in AAOP(E). SinceAAOP(E)
can be calculated, for eachR, from the purely electronic
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self-energyS(E), standard techniques for calculating th
electronic self-energy like the ADC method mentioned
Sec. IV D 2 can be applied.

The Layzer operator corresponding to the presently d
cussed approximative treatment of the dynamical optical
tential AAOP(E) is given by

LAOP~E!5He,01Hn1AAOP~E!2E00. ~88!

Although the dynamical optical potential is treated here in
adiabatic approximation, the Layzer operatorLAOP(E) de-
scribes the fully and nonadiabatically coupled motion of t
projectile electron and the atomic nuclei with a simplifie
optical potential. In this approximation, the nuclear dynam
in the electronically excited states of the target is trea
adiabatically. Even though this approximation may not
justified when describing experiments probing in detail t
electronic excitation structure of the target, the situation
different for scattering at low but not too low energies. Wh
electronic excitations are forbidden by energy conserva
because the electron-impact energy is too low, the adiab
approximationAAOP(E) may be very good. At low impac
energies, electronic excitation then is still possible as a
tual process leading to polarization of the molecule but ob
ing the energy-time uncertainty relation. When the typic
times for these virtual excitations are much smaller than
time scales of nuclear vibrations, which will usually be t
case, then the fixed-nuclei approximation for the dynami
optical potentialAAOP(E) is adequate.

For very slow scattering electrons, on the other hand
may also be necessary to improve the approximat
AAOP(E), when the cross sections probe the details of
optical potential very sensitively. In the adiabatic optical p
tential AAOP(E), the dynamical relaxation of the nuclea
structure during the polarization of the electronic char
cloud induced by the incoming projectile is not treated pro
erly. At very low projectile velocities where the trajectorie
are most sensitive on the coupling to the nuclear motion
may become an important defect of the theory. In this c
the expansion of the dynamical optical potential discusse
the next subsection, which allows for an approximate tre
ment of the neglected effects, becomes most valuable.

4. Expansion of the dynamical optical potential
with respect to Hn2E00

The nuclear kinetic-energy operatorTn introduces deriva-
tives with respect to the nuclear coordinatesR in the terms of
the expansion~86! for n>1. In general, these terms will b
difficult to evaluate because the approximate and also
exact matricesH̆= i j may depend strongly on the nuclear c
ordinatesR due to the electron-nucleon Coulomb repulsi
contained inH̆. Another expansion that is better suited f
higher-order approximations is obtained when takingTn
1V0(R)2E005Hn2E00 as the ‘‘small’’ perturbation. The
assumption thatHn2E00 may be regarded small in the de
nominator of Eq.~85! is justified when the energies assoc
ated to nuclear excitations appearing during the scatte
process and possibly during~virtual! electronic excitations
are small compared to the electronic excitation energies
the target. The corresponding expansion of the ener
dependent part of the dynamical self-energy reads
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M= ~E!5H̆= ab

1

E1=2H̆= bb
(
n50

` F ~Hn2E00!
1

E1=2H̆= bb
G n

H̆= ba .

~89!

The first termM= 0(E) of this expansion (n50) can be iden-
tified as the energy-dependent~dynamic! part of the purely
electronic self-energy~84! and will be called thezero-point
optical potentialbecause it reflects the optical potential
ground-state nuclear motion:

M= 0~E!5H̆= ab

1

E1=2H̆= bb

H̆= ba5M= ~E!.

The zero-point optical potential is a local operator with
spect to the nuclear coordinatesR like the adiabatic optica
potentialM= AOP(E), which was discussed above.

The higher-order terms in the expansion forn>1, how-
ever, are differential operators in the nuclear coordina
They can be transformed into nonlocal integral operat
M= n(E) fI (R)5*dR8M= n(E,R,R8) fI (R8) by inserting the
resolution of the identity with respect to nuclear moti
Skufk&^fku. In the coordinate representation for the nucle
degrees of freedomR, the integral kernel belonging to th
second term of the expansion~89! reads

M= 1~E,R,R8!5(
k

H̆= ab~R!
1

E1=2H̆= bb~R!
fk~R!

3@E0k2E00#fk* ~R8!

3
1

E1=2H̆= bb~R8!
H̆= ba~R8!, ~90!

where we explicitly indicated the nuclear-coordinate dep
dence of the matricesH̆= i j . The numerical realization of this
approximation is not very difficult because the nuclear eig
values E0k and functionsfk(R) can be calculated easil
from the ground-state potentialV0(R) and approximate ma
trices H̆= i j are available, e.g., by the ADC approximation
described above in Sec. IV D 2.

Equation~90! is remarkable because it allows us to es
mate the importance of the higher-order terms in the exp
sion ~89!. If the nuclear dynamics of the target molecule,
spite of virtual excitations by the scattering electron, can
approximated well by the zero-point vibration of the isolat
molecule~in its electronic ground state! then all terms with
kÞ0 in Eq. ~90! can be neglected. Since, however, the e
ergy difference @E0k2E00# vanishes fork50, the term
M= 1(E) and the higher-order terms in Eq.~89! vanish. In this
approximation only the zeroth termM= 0(E) contributes in
the expansion of the dynamical optical potential. In oth
words,M= (E) is a local operator in the nuclear coordinates
the nuclear-coordinate dependence of the effective scatte
wave functionf (r,R) is given by the nuclear eigenfunctio
f0(R) and theR dependence of the matricesH̆= bb and H̆= ba
can be neglected. This will not always be the case. Howe
it can also be tested during a calculation for which values
k the integral
-

s.
s

r

-

-

-
n-

e

-

r
f
ng

r,
f

E dRfk* ~R!
1

E1=2H̆= bb~R!
H̆= ba~R! fI ~R! ~91!

gives the largest contribution. The approximationM= 0(E)
can then be improved by expanding aroundHn2Ẽ, whereẼ
is a suitably chosen mean vibrational~rotational! energy, in-
stead ofHn2E00, yielding the zeroth approximation

M= 0̃5S= ~E1E002Ẽ!2S= ~`! ~92!

and the corresponding higher approximations as in Eq.~89!.
The difference between the adiabatic optical poten

AAOP(E) and the zero-point optical potentialA0(E) or the

improved approximationA0̃(E) lies in the energy referenc
of the denominator of the optical potential. We expe

A0(E) or A0̃(E) to be suitable approximations forA(E)
when the nuclear motion is more or less confined to
immediate surroundings of the equilibrium configurationReq
of the molecule. In particular, for processes that travel
tween different levels on the potential energy surfaceV0(R)
corresponding to a considerable transfer of energy betw
the projectile and target like it happens in associative deta
ment or dissociative attachment, we expect the adiabatic
proximationAAOP(E) to be the better-suited approximatio
However, we want to stress once again that the treatmen
the nuclear dynamics within the optical potential is certain
less essential than the direct coupling between projectile
nuclear motion in the effective Schro¨dinger equation~64!, as
long as the scattering energy remains well below the thre
old for electronic excitation of the molecular target. The e
pansion ~89! presents a systematic possibility to impro
upon the adiabatic or the zero-point approximation tha
applicable if the scattering process has too little energy
access the electronically excited states of the target.
first-order termM= 1 of Eq. ~90! and the corresponding highe
approximations provide access to a systematic improvem
of the discussed approximations forab initio methods of
quantum chemistry that may prove necessary to describe
dynamical couplings correctly for very-low-energy scatteri
processes that are particularly sensitive to the correct
scription of the optical potential. If the scattering energy
above or close to the threshold for electronic excitation
the target molecule, the effective Schro¨dinger equation~64!
still remains valid but other approximations to the dynami
optical potential have to be used.

V. CONCLUSIONS

In this paper we have derived a rigorous optical poten
for the coupled motion of the projectile electron and t
atomic nuclei in electron-molecule scattering. The dynami
optical potential should be particularly valuable for studyi
the nonadiabatic coupling of projectile and nuclear mot
close to inelastic thresholds where the projectile velocity
comparable to the typical velocities of nuclear motion. O
work extends the well-known many-body formalism of op
cal potentials beyond the fixed-nuclei approximation. On
other hand, the rigorous derivation and the explicit expr
sions given for the dynamical optical potential provide a ju
tification and prospective for enhancement of model po
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ization potentials used commonly in close-coupling a
R-matrix calculations.

The dynamical optical potential can describe all kinds
electronically elastic scattering processes such as elastic
tering, vibrational or rotational excitation~deexcitation!, dis-
sociative attachment, and associative detachment. Also w
electronic excitations are energetically accessible, the
namical optical potential may be used to calculate the~elec-
tronically! elastic partial cross sections as well as resona
positions and widths.

One central result of the present work is that for scatter
energies far enough away from electronic excitations of
target, the dynamical optical potential is given in a first a
proximation by the static-exchange potential augmented
the fixed-nuclei self-energyS~v! of the purely electronic
Green’s function. This approximation, which yields a loc
operator with respect to the nuclear coordinatesR, can be
improved by a hierarchy of nonlocal terms. Due to the clo
relation to the usual self-energyS~v!, all terms can be cal-
culated with standardab initio methods using well-defined
approximation schemes.

The dynamical optical potential provides a firm basis
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theoretical studies of coupled projectile and nuclear mot
in ultralow-energy electron-molecule scattering, which is b
coming a vivid field of interest due to recent experimen
advances~see, e.g.,@59#!. The effective scattering equation
presented in this paper can be solved, e.g., by using cl
coupling expansions or other time-independent techniqu
We expect that particularly valuable insight into the mech
nisms of the scattering process, however, can be gaine
time-dependent wave-packet calculations. Solving th
scattering equations certainly remains a numerically
manding task but becomes more and more feasible now
state of the art computing facilities and the advancemen
numerical methods@60#.
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