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PACS. 03.75.Lm — Tunneling, Josephson effect, Bose-Einstein condensates in periodic poten-
tials, solitons, vortices and topological excitations.

PACS. 03.75.Mn — Multicomponent condensates; spinor condensates.

PACS. 03.65.-w — Quantum mechanics.

Abstract. — Matter-wave bright solitons are predicted to reflect from a purely attractive
potential well although they are macroscopic objects with classical particle-like properties. The
non-classical reflection occurs at small velocities and a pronounced switching to almost perfect
transmission above a critical velocity is found, caused by nonlinear mean-field interactions. Full
numerical results from the nonlinear Schrédinger equation are complimented by a two-mode
variational calculation to explain the predicted effect, which can be used for velocity filtering of
solitons. The experimental realization with laser-induced potentials or two-component Bose-
Einstein condensates is suggested.

In the framework of classical mechanics, a moving object will never turn back until it
reaches a turning point, at which the radial velocity vanishes (the kinetic energy vanishes for
one dimensional systems). At the microscopic scale, where the wave character of particles
becomes important, quantum mechanics allows the reflection of a particle in a classically
allowed region even when there is no classical turning point. Quantum reflection can occur
above a repulsive potential barrier or an attractive potential well, and may take place in an
attractive potential tail [1] or at a potential step [2]. The quantum reflection of cold atoms
by a solid surface has triggered great interest both for the fundamental understanding of the
implications of quantum mechanics and for potential applications of mirrors in atom optics [3].
Recently, Pasquini et al. reported the experimental observation of the quantum reflection of
atoms from a dilute Bose-Einstein condensate (BEC) with up to 20 and 50% efficiency [4].

Matter-wave bright solitons are macroscopic quantum objects that may act as classical
particle-like objects maintaining their integrity during collisions or while subjected to external
forces. They have been prepared as self-bound droplets of atomic BECs with negative s-
wave scattering lengths in quasi-one-dimensional waveguides [5,6]. Previously we considered
conditions for the creation of soliton trains [7] and their propagation in harmonic traps [8].
In this letter we show that a matter-wave soliton approaching an attractive potential well
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Fig. 1 — Quantum reflection of a soliton incident on an attractive potential well centred at x = 0.
The initial conditions are A = 1, o = —4 and v = 0.1. The upper panel shows the density and the
lower one the phase evolution.

may experience non-classical reflection. In contrast to the finite probabilities of quantum
reflection of single atoms, the whole soliton reflects with very little radiative loss as seen in
fig. 1, leading to a significant enhancement of reflection due to nonlinear interactions and
macroscopic coherence. Above a critical velocity we observe a sharp transition to almost
complete transmission while trapping is also possible in different parameter regimes.

Solitons behave as classical particles according to perturbation theory when they move in
weak external potentials [9] or by virtue of Ehrenfest’s theorem in semiclassical conditions
where the potential varies slowly on the size scale of the soliton. Non-classical soliton scat-
tering is expected when the kinetic energy dominates over the soliton binding energy or in
specific resonant scattering scenarios and was previously discussed for step-like [10] and square
potentials [11] and impurities [12-14].

The effect of pronounced switching from quantum reflection to transmission reported in
this letter fits into neither of these categories as adiabatic conditions are broken by a strongly
localised potential well but nonlinearity dominates over kinetic energy. Thus the soliton may
remain intact. In the following we will discuss the various parameter regimes in detail. We
report results of numerical simulations and study a two-mode variational model, which gives
valuable insights into the underlying mechanism. We furthermore discuss possible experimen-
tal realizations with optical dipole potentials and incoherent solitons in two-component BECs
and applications in velocity filtering.

Consider a matter-wave soliton in a one-dimensional waveguide trap approaching the centre
of a localised attractive potential well V(). The dynamics is described well by the Gross-
Pitaevskii equation (GPE), which we consider in the one-dimensional approximation [15] and
write in dimensionless units as

1 02 9
U(x,t) = fiﬁfg\‘l’(a:,t)l + V(x)| ¥(x,1). (1)

i

ot

The parameter g is proportional to the s-wave scattering length. Without loss of generality,
we assume that g = 0 and 1 correspond to the linear and nonlinear system, respectively.

For the linear system (g = 0) with an attractive sech-squared-shape potential V(z) =

-U sech2(ax), known as Rosen-Morse potential, the quantum-mechanical reflection probabil-
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ity R is known exactly [16],

cos? [%x/l—i—SU/aQ}
sinh?(7v/a) + cos? [%\/1 + 8U/a2} 7

and is determined by both the incident velocity v, which in our units coincides with the particle
momentum, and the system parameters. Particles with large velocities are transmitted and
particles with small velocities reflected unless the cosine term in the numerator of eq. (2)
vanishes for specific values of U/a?. In these special cases the transmission of linear waves is
reflectionless. Reflection is maximised when the cosine term becomes unity. In this case, the
reflection probability R is greater than 50% for small velocities with v < vy = 0.28a.

For the nonlinear system (g = 1) with the same potential, the system supports travelling
soliton solutions in the absence of the external potential V(z):

R =

(2)

U = Asech(A[z — zq — vt])e!P®=«) (3)

where v is the velocity, A is the amplitude, and g is the initial position. The soliton frequency
w = v%/2+ p can be interpreted as the sum of the kinetic energy per particle and the binding
energy p = —A?/2. We now consider the scattering of solitons on the potential well V (x) and
find that the situation may change dramatically compared to the linear case, depending on
the relevant scales of the system.

In order to avoid the classical Ehrenfest regime, the length scale of the potential well
ly = 1/a should be smaller than the soliton length scale Is = 1/A [9]. A regime of linear wave
scattering can be expected when the time scale of interaction of the soliton with a localised
defect is shorter than a characteristic time scale of the nonlinearity as suggested in ref. [14]
for resonant interactions. For non-resonant interactions we may rewrite this as a condition
for the velocity, which should be larger than the velocity vaisp = 4|p|/ls = 243 characterising
the dispersion of a linear wave packet with the soliton parameters. In this regime we find a
splitting of the soliton into reflected and transmitted portions. Finally we should compare
the energy scale of the soliton w with the energy of the lowest bound state of the potential
V() in the linear Schrédinger equation, which is [16] Eg = —(a?/2)(1/2U/a2 + 1/4 — 1/2)2.
Following an argument of ref. [13], we may expect a regime of strong soliton-defect interaction
if w < Ej because an overlapping between the incoming soliton and the localised bound state
may lead to a resonant population transfer from the soliton into the bound state. In this
regime, we find indeed that solitons at small velocities are trapped by the potential well.

What are the possibilities to meet the required conditions by choosing appropriate parame-
ters for the soliton (3) and the potential well? From the condition for the length scales for non-
Ehrenfest scattering [y, < lg we obtain A < «. In order to find a sharp transition between re-
flection and transmission, the velocity scale for quantum reflection vg should be less than vgisp,
which yields 0.28« < 3A43. Both conditions are compatible but require both o and A to be
larger than roughly 1/3. Finally, strong defect interactions can be avoided when p > Ey. We
find A% < a?(1/2U/a? + 1/4—1/2), which can always be satisfied if U is chosen large enough.

We now consider an initially well-separated soliton with A = 1 approaching a potential
well with U = 4 and o = 2. Figure 1 shows the result of a numerical integration of the
GPE (1). The relevant scales are g = 1, Iy = 1/2, vgisp = 2, p = —1/2, and Ey = —4. The
time evolution shown in fig. 1 indicates that the matter-wave soliton can indeed be reflected
by the attractive potential. An important observation from fig. 1 is that the potential well
is populated transiently by a small portion of the matter wave, with a phase difference of m
compared to the soliton.
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Fig. 2 — Reflection R and transmission T vs. incident velocity v for U = 4 and o = 2. The R}, is
the maximum possible reflection in the linear system (g = 0) obtained by modifying the potential
depth. The Rs and T corresponds to the nonlinear system supporting an initial soliton with A =1
at xop = —10.

Due to the mean-field interaction, the dependence of the reflection probability on the
incident velocity is dramatically changed. In comparison with the smooth transition between
reflection and transmission in linear systems, the nonlinear interaction makes the transition
much sharper with a well-defined critical velocity, seen in fig. 2. Here, we calculated R, and
T as the reflected and transmitted portion of atoms by integrating the density |¥(x,t)|? after
the collision at ¢ = 50 on the left side and right side of the well, respectively.

In addition to reflected and transmitted waves, some atoms can be trapped in the potential
well. This process is particularly important for small depths of the attractive potential well
due to resonant energy transfer [13], but can be mostly avoided if the potential well is deep
enough. Besides the travelling soliton and the trapped mode, there are small amounts of
radiation, in particular when the incident velocity is in the critical region between reflection
and transmission. The soliton scattering problem as shown in fig. 2 is dominated by reflection
when the incident velocity is below 0.32 but is dominated by transmission when the incident
velocity is above 0.33. In these two dominant regimes, at least 96% of particles are reflected
or transmitted. We have varied the depth of the potential well U and found that the crossover
velocity v = 0.28a (obtained from R} = 1/2) of the linear system is a reasonable estimate
for the critical velocity for the quantum reflection of solitons. However, while the actual
reflection R of eq. (2) for the linear system shows a very sensitive dependence on U, we find
no such strong dependence for the scattering of solitons. The cases of reflectionless scattering
that occur in the linear problem for specific values of U = a?[(2N + 1)? — 1]/8 (where N
is a non-negative integer) can be related to resonances at zero scattering energy [17]. In
the nonlinear case these resonances do not survive because phase relationships are modified
by nonlinear interactions [14]. For potentials with reflectionless scattering R(v) = 0 of linear
waves, the soliton still shows a reflection characteristic as in fig. 2, and thus presents an extreme
enhancement of the quantum reflection probability from exactly zero to more than 0.96.

The quantum reflection of the incident soliton can be interpreted and analysed within a
simple two-mode picture. To this end we write

V(z,t) = Vs(z,t) + Vr(z,t), (4)

where Wg(x,t) represents the soliton and Wy (x,t) is an immobile trapped mode which is
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Fig. 3 — Soliton trajectories from the variational eq. (5) are shown for Ap = 2.0 and initial conditions
As(0) = 1.0 and Q(0) = —8.0. The upper panel shows the velocity V and position Q for different inci-
dent velocities V' (0). Below, the amplitude Ag and relative phase ¢ = ¢r — ¢s are shown for the par-
ticular trajectories with V(0) = 0.2 (reflected, left panels) and V' (0) = 1.4 (transmitted, right panels).

of importance if the potential is sufficiently deep and localised to escape the perturbative
regime. When the two modes overlap, the off-diagonal terms of the attractive potential,
Ut (z, )V (2) ¥ (2, t) and Uh(z,t)V (2)Ps(x,t), will result in a repulsive force between two
modes when they are out of phase. Additionally, similar to the interaction between two coher-
ent solitons [18], the mean-field interaction will induce a repulsive (or attractive) force between
two modes when they are out of phase (or in phase). When the soliton moves close to the
potential centre, the soliton will be reflected if the repulsion overcomes the attractive effects.

A collective coordinate approach has been used in ref. [13] to study the interactions of
the soliton and the defect mode for the case of a delta-function defect potential Vp(z) =
—Apd(x). The delta defect with Ap ~ 2U/« is a reasonable approximation for a strongly
localised potential well as long as Iy < lg and thus we may expect to obtain some insight
from the model of ref. [13] for our case. The variational ansatz for the trapped mode is the
parametrised solution of the nonlinear localised state with the potential Vp(z) and is written
as Ur = Arsech[Ar|z| + arctanh(i—i)] exp(i¢r). Here, the trapped-mode amplitude Ar and
phase ¢ appear as time-dependent variational parameters. For the soliton mode we choose
Vg = Agsech[Asz — Q] exp(iVx + ipg), where the position @, velocity V', amplitude Ag, and
phase ¢g are variational parameters. The Lagrangian for the collective coordinates is derived
from the standard variational formulation of the GPE (1) [15] and simplified by neglecting
interaction terms not proportional to V() [13] to yield

L = —2A5%s —2Q9Y —2(Ap — Ap) L + 1A% — AgV2+ 145 — 243+
+ApA%sech’Q + 2Ap Ag /A2 — A% sechQ cos(ér — bs).

The equations of motions for the collective coordinates @, V', Ag, ¢s, Ar and ¢ are given by
the Euler-Lagrange equations of L and can be solved straightforwardly by numerical integration.

The numerical results as seen in fig. 3 show that the incident soliton can indeed be reflected
by the attractive potential well when the incident velocity is sufficiently small. Otherwise,
when the incident velocity is larger than a certain critical value, the soliton will travel through

(5)
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the potential. When the distance between the soliton and the trapped mode is small enough,
population transfer between them may occur. For this reason, the soliton mode obtains a
time delay when it approaches the potential centre and is decelerated. The deceleration of the
soliton mode becomes more and more significant with decreasing incident velocity. For suffi-
ciently slow incident velocity, the velocity can finally change direction, and the incident soliton
is reflected. This behaviour is obviously contrary to the classical case. To find where this coun-
terintuitive behaviour comes from, we track the evolution of the relative phase between the two
modes. We find that the two modes are out of phase (the relative phase oscillates around )
when the soliton mode approaches the potential centre. Thus the overlapping between modes
induces a repulsive force between them. Clearly, these variational results are qualitatively
consistent with the directly numerical results from the GPE (1). However, differences appear
in quantitative results such as the critical velocity between reflection and transmission.

The sharp transition between reflection and transmission may be useful for filtering solitons
according to their velocity. As a particular potential has an associated critical velocity v, it
may discriminate between solitons with velocities below and above v.. A sequence of potentials
with different critical velocities may be used to specifically select solitons with velocities in
a given interval. In conjunction with a potential ramp where solitons are accelerated with
Q = —MV’(Q) it should also be possible to select solitons according to their mass M.

The specific choice of the scattering potential V(x) as a Rosen-Morse potential is not
essential for the observed effects and was made for convenient comparison of the soliton
scattering to the analytically known reflection probability of the linear system. We have varied
the shape of the potential well in numerical simulations in order to study its influences on the
nonlinear scattering properties. In the case of a Gaussian potential well, the picture remains
qualitatively the same with very little variation compared to a Rosen-Morse potential with
the same width and depth. In the case of rectangular potential shape the situation changes
and instead of a sharp transition between almost complete reflection and transmission we find
an interval of velocities where the transition occurs. Within the transition interval the soliton
is typically split into two wave packets which propagate as solitons in addition to some small-
amplitude radiation. A qualitative explanation may be that wave diffraction on the sharp
edges of the well effectively reduces the coherence required for cohesion of the soliton. The
details of these studies will be published elsewhere [19].

In order to observe the quantum reflection of solitons induced by a finite potential well,
one can use a tightly focussed red-detuned laser beam to form an attractive Gaussian shape
potential. In order to see quantum reflection, the laser focus has to be brought down to
the order of the soliton length scale, which was lg ~ 1.7um in the experiment of ref. [6]. A
different possibility could be realized by another, heavy and incoherent soliton. Such could
be realized with a two-component atomic BEC [20] with all negative s-wave lengths, which
can be adjusted by using Feshbach resonances [21]. In a quasi one-dimensional external trap,
the system supports well-separated incoherent solitons. When the difference between the
soliton amplitudes controlled by the atomic numbers is very large, the soliton with large
atomic number is almost unchanged when they approach each other. In the limit of only
one atom in the small component, the intra-component mean-field interaction in the small
component is absent and the system is equivalent to the linear case of eq. (1). Otherwise,
we have a wider soliton with small atom number moving in an attractive potential well of
Rosen-Morse type formed by the narrower soliton with a large number of atoms. For this
case, our numerical results show that quantum reflection of the wider soliton does occur for
sufficiently slow relative velocity [19].

In summary, we predict that quantum reflection can occur to a kind of macroscopic quan-
tum objects, atomic matter-wave bright solitons. The pronounced switching between reflection
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and transmission is a characteristic behaviour that should be observable for sufficiently well-
localised and deep potential wells, such as created by a strongly focussed red-detuned laser
beam or a second, incoherent soliton. Possible applications lie in sensitive velocity and mass
filtering for nonlinear atom optics but may extend into other areas like soliton-based optical
computing. The enhanced switching behaviour is induced by the nonlinear mean-field inter-
action and will also occur in the interaction with other types of potentials. Interesting further
questions like the possibility of quantum reflection of matter-wave solitons from solid surfaces
lie outside the scope of this letter.
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