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Pulsed atomic soliton laser
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It is shown that simultaneously changing the scattering length of an elongated, harmonically trapped Bose-
Einstein condensate from positive to negative and inverting the axial portion of the trap, so that it becomes
expulsive, results in a train of self-coherent solitonic pulses. Each pulse is itself a nondispersive attractive
Bose-Einstein condensate that rapidly self-cools. The axial trap functions as a waveguide. The solitons can be
made robustly stable with the right choice of trap geometry, number of atoms, and interaction strength.
Theoretical and numerical evidence suggests that such a pulsed atomic soliton laser can be made in present
experiments.
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I. INTRODUCTION repulsive BEC fractures near conducting surfagés],

Solitons have applications in a wide variety of physicalSPreads out, and in general is easily excited. In contrast, an
contexts, ranging from water waves to photonic crystals@ttractive BEC, as long as it is axially confined and the ex-
[1-3]. For example, they have been used in transatlanti®erimental parameters are chosen properly, can be made into
communications systems, where the need for expensive and-pulsed atomic soliton laser which is robustly stable against
plifiers midline in fiber optic cables that run over long dis- all of these effects. Moreover, attractive BEC’s in this form
tances is reduced or eliminated. By virtue of their many usesnay be superior to repulsive BEC's in applications to atom
as well as their mathematical beauty, solitons are a continuchips [11,12 and interferometry{13]. For instance, in the
ing subject of vigorous researc¢bee, for examplg4,5]). In “nevatron,” a BEC storage ring, the wave packet of repulsive
particular, they have proved highly useful in laser applica-Bose-condensed atoms circulates a few times before spread-
tions [3]. Nonlinear materials are used to cause high-ing out and decoherin§l4]. This effect is accentuated by
intensity coherent light waves emitted by lasers to self-focusuperconducting wires which lie transverse to the direction
into stable nondispersive pulses. of propagation. A bright soliton would not only be nondis-

Bose-Einstein condensat¢BEC’s) are coherent matter persive, but even if excited by the passage over the jump in
waves in analogy to coherent light waves. BEC's are usuallypotential created by the wire, would quickly self-cool by
generated as a standing wave in a trap which functions asemitting a small fraction of its atoms, typically less than a
cavity. When outcoupled from the trap, a BEC can provide draction of a percenf15,16. It could therefore circulate in-
highly brilliant source of coherent matter-wave radiation and definitely, subject to three-body recombination rates and
as such, is commonly called atom laser The challenge in  other effects beyond those of the mean figld].
making a BEC into a useful atom laser is in the outcoupling In the following, we explain how to create such a pulsed
[6,7]. To this end, many experimental methods have bee@tomic soliton laser. Bright matter-wave solitons have been
developed. Anderson and Kasevi8j tilted a BEC trapped created, both singlf18] and in traing19]. It is shown that a
in a periodic potential created by a standing light wave. Thecombination of the experimental techniques of REES, 19,
gravitational field induced by the tilt caused the condensatéogether with the right choice of parameters, suffices to cre-
to tunnel through the wells and interfere coherently, therebyate a pulsed atomic soliton laser from an attractive BEC.
creating a pulsed atom laser. Bloehal. [9] used an external After presenting the basic method in Sec. II, we illustrate its
laser to change the spin state of atoms in two locations in &iability via three-dimensional simulations in Sec. Ill. Then,
harmonic magnetic trap. The condensed atoms then spillet Secs. IV and V, the stability criteria and important dy-
out, again due to gravitational effects; the two separate outiamical features of the pulsed atomic soliton laser are ex-
couplings allowed them to make the first clear demonstratioflained in detail. In Sec. VI, the simulations are discussed in
of coherence along the whole length of the beam. Many exlight of the results of Secs. IV and V. Finally, in Sec. VIl we
periments and proposals have followed. All of these atontonclude.
lasers were studied in the context of repulsive BEC’s. Repul-

sive_BEC’s n_aturally disperse in all directions; even a_lxial Il BASIC METHOD
confinement in a waveguide cannot prevent spreading in the
direction of propagation. The three-dimension&BD) nonlinear SchrodinggiNLS)

The unique contribution of the present study is to showequation or Gross-Pitaevskii equation which describes the
how anattractive BEC can be made into an atom laser. A mean field of the BEC is written d47]
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#2 , 5 _ One may ask what this schemata has in common with the
- Env +gN[W|*+ V() |V =iha P, (1) operation of a normal, light-wave laser. Insofar as the initial
condition is an excited mode of the harmonic trap plus mean
where field potential and the ensuing pulse train is a much lower-
energy mode, this situation has a certain analogy with popu-
1 lation inversion. As was mentioned in the Introduction, the
V(r) = —m(wip2 + w22, (2) initial trapping potential may be considered as a cavity, with
2 the outcoupling provided by the sudden change to an expul-
sive trapping potential in the axial direction. However, the
. . emission of solitonic pulses is not stimulated, as strictly re-
atomic massN is the number 9f condensed atoms, the Con'quired for the use of the acronym LASERght amplifica-
densate or.der pararnetﬂ'r:\lf(r.,t) has. been normalized to tion by stimulated emission of radiatiprbut rather sponta-
1, and axisymmetric harmonic confinement has been as;equs. The analogy of the proposed scheme to the operation
sumed. Note that for negative scattering length or attractivef g |aser is therefore rather in the output than in the detailed
nonlinearity, solutions are liable to CO”apse in certain parammechanism of its operation: one produces a train of non-
eter regimeq5,20, as shall be discussed below. With the phase-locked self-coherent pulses.

exception of Sec. V B, where the decoherence time between
pulses is estimated, it is assumed that the BEC is described !ll- PULSED ATOMIC SOLITON LASER DYNAMICS:
by Eq. (1). PROOF OF PRINCIPLE SIMULATIONS
The basic method for creating the pulsed atomic soliton Three-dimensional simulations of Eq) were performed,
laser is as follows. with parameters which satisfied the criteria given in Sec. IV.
(i) A repulsive BEC is created in an elongated harmonicCylindrical symmetry was assumed in order to make compu-
trap such that, < w,,. tations with a large grid size possib|2048x 16) [29]. The
(i) The scattering length is made small and negative vianitial profile was obtained by imaginary time relaxation.
the now well-established experimental technique of using dhis resulted in a Thomas-Fermi-like profile in thalirec-
magnetically induced Feshbach resonafi®19,21,22 tion [see Eq(26) below and[17]] and a nearly Gaussian one
(i) Simultaneously, the axial potential is changed fromin x andy. A trap of aspect rati@,/ w,o=(€,/€,)*=538 and
small and attractivew, real to small and expulsivw,  nonlinearity parameteagN/{,=1.02 was used to produce
imaginary [16,18,23. the initial state, wherav,y, €,, andayq all refer to these
(iv) The condensate becomes modulationally unstable tonitial conditions, and(; = \%/(mw;).
spatial pulse formation. This instability is nondissipative. At t=0, the longitudinal trapping frequency,, was
The pulses are seeded by self-interference of the order pahanged to a weak expulsive harmonic potential with

g=4wh%a/m, a is the sswave scattering lengthm is the

rameter, as we have elsewhere descrif#25. The initial =0.5w,, and the nonlinearity was switched from repulsive
growth rate of the modulational instability can be calculatedto attractive, with aN/{,=0.0854=0.003 68,/¢,. As at-
via linear perturbation theor}26]. tractive BEC's can collapse in three dimensions, this is an

(v) The ensuing solitonic pulses are subjectpiimary  important point in the choice of parameters. The length unit
collapsein two or three dimensions, as well ascondary in the simulations isu=0.5€¢(,;, and the time unitr
collapse due to soliton-soliton interactionf24]. Further- =2muw/#. To compare with experimental parameters, one
more, if they are too long in thedirection, they can be torn must choose the number of particles and a scaling factor—
apart by the force of the expulsive harmonic potentia]. e.g.,u=10 um andN=10* which corresponds te=22 ms,
With the right choice of parameters, these effects can b@,=27X4.53 Hz, ©,=27iX2.26 Hz, and o,=27
avoided and the solitonic pulses made robustly stable, ax 2.44 kHz with a scattering length af=-3a,.

shall be described in Sec. IV. Figures 1 and 2 illustrate the evolution of the density and
(vi) The solitons continue to accelerate. Their relativephase of the condensate in time slices throughxtheplane
spacing increases @z« exp(|w,lt). for y=0 with the above-described initial state and param-

(vii) The expulsive harmonic potential can eventually beeters. Several observations may be made based on the fig-
coupled to a linear or even a flat potential for applicationsures. First, the final number of solitons is 14. Second, they
We do not discuss the various possibilities here. are stable against collapse and, once formed, do not subse-

An important point is that even if the coupling is not quently interact over the lifetime of the simulation. Third,
smooth, each soliton responds to perturbation by a shift in itsolitons form first at the edges of the cloud, then later to-
phase and by emitting a small number of atoms, typically avards the center, as was also observed in a simplified model
fraction of a percent of the total number in the soliton. Inso-in our previous worK24]. We note that no white or colored
far as an excited BEC described by the NLS models a conroise was added to this simulation. The reasoning behind our
densate plus thermal fie[@7,2§, where the “condensate” is choice of parameters will be discussed in Sec. IV, while the
a stationary solution, one may term this procesk-cooling  details of the simulation itself will be interpreted in Secs. V
As each soliton is itself a BEC, this model can be applied tcand VI.
each pulse separately. Self-cooling g0 in an expulsive
harmonic potential occurs exponentially, with the density
fluctuations at the center of each solitonic pulse falling off as In order that the pulsed atomic soliton laser be robustly
exp(—|w,|t) [16]. stable over the lifetime of an experiment, a set of criteria

IV. STABILITY CRITERIA
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at weaker nonlinearity due to transverse oscillations on a

St A l H Lo o A t=8 time scalew/w, [31]. When the longitudinal dynamics is
0

significantly slower than this time scale, the adiabatic sepa-

' ' ' ' ' ' ' ration of scales is valid. If, additionally, the transverse non-
2r MM_A_)UJ\)\MM 1t=7 linearity is weak—i.e.,|8man;p(z,t)| <1—the longitudinal
0 : equation reduces to the quasi-1D NLS equation
N ' ' ' ] h? 1
2r 1t-¢ = =5+ GNP + SmwlZ | = ihdup, (4)
0 . . 2m 2

o ' ' ' | ' ] where g;p=2aw, is the renormalized quasi-1D coupling
t=5 constan{{16], provided<¢,> |a| [32], with €,= \A/(Mw,).
0 . . . . . .
O.;: M lt=4 B. Three-dimensional primary collapse
0 . . . . . Three-dimensional primary collapse of the individual soli-
y y y y y y y tonic pulses in the atom laser must be avoided. The static
it E . . . . . .
051 JJJ/ \\,\k ] t=3 condition based on imaginary time relaxation of Ef) is
o . J . N [16]

1r /\ 1t=2 —%a<77§'°=0.627..., (5)
0 ) . f L ) ) n P

the initial conditions[34].

; ' ; ' ' ' ' whereN,is~ N/Ng is the number of atoms in a soliton, with
1t /\ 1t=1 N, the number of solitonésee Sec. VI beloy Replacing the
0 . . . . . < sign with a<< sign ensures stability for an excited soliton.
. B : - / : \ : : _ Note that the value ofygD can vary slightly as the ar_lisotropy
t=0 of the trap changegl6,33. However, 3D collapse is essen-
0 . . . . . tially an isotropic phenomenon, with the trap simply setting
-60 40 -20 0 20 40 60
Z

—_—

FIG. 1. Shown is the evolution of an attractive Bose-Einstein
condensate into a pulsed atomic soliton laser. Time slices of the line
density inz are shown forx, y=0. Modulational instability of the The soliton can become unstable when the expulsive po-
initial density profile is seeded by self-interference of the ordertential overcomes the balance between the mean-field energy
parameter, so that solitons form first at the cloud edges and lateand kinetic energy necessary for the soliton’s existence and
towards the center. The latest, top panel, shows that a welldestroys it by tearing it in twg16]. We term this kind of
separated set of stable solitonic pulses are produced. Note that, fpossible instabilityexplosion In order to avoid explosion,
N=10" atoms, a=-3a, and a trap geometry ofw,=2m  the geometry must be chosen so tHat (., where ¢,

X 2.44 kHz, w,=2mi X 2.26 Hz, the time units are scaled to 22 ms = \s’ﬁ/m|wz|. The soliton lengtht,,~ £ whereé is the heal-
and the spatial units to 14m. ing length, can be determined as follows. Taking the form of

the soliton as the well-known solution in one dimension for a
must be satisfied. These criteria are detailed in the followingonstant potentialsee[16] and references thergin

C. Explosion of individual solitonic pulses

subsections. Note that in the below considerations we are
interested in stability for experimental purposes, not math- Wz t) = 1 Sed{i)e—im (6)
ematical stability to infinite time. \2¢ sol
sol
A. Two-dimensional primary collapse and substituting into Eq4) while temporarily neglecting the
- - - drapping potential, one obtairg =242/ (M|g1p|Nag). Then

Two-dimensional transverse primary collapse must b ' ol 1D ai '
avoided. In the case of strongly anisotropic axisymmetric ¢
confinement, one may adiabatically separate the slow longi- Cso= Wﬂp, (7)

als

tudinal from the fast transverse degrees of freedom. The
adiabatically varying transverse state obeys a 2D NLS equavhere the wave function has been renormalized to account
tion which shows an instability towards collapse. The crite-for the division ofN total atoms intd\,,; atoms in any given
rion for stability found by numerical integration of the 2D soliton. Note that the prefactor is the inverse of the ratio
NLS equation is which must be small to avoid 3D collapse, as given by Eq.
_ 2D _ (5) in the preceding subsection.

Bmanp(zt) < 7" =117, ) A variational analysis based on a hyperbolic secant ansatz
wheren;p(z,t) is the local axial line density of the conden- and Eq.(4) with the trapping potential gives a more precise
sate[30]. If adiabaticity is violated, collapse can also happencondition to avoid explosion g4.6]
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FIG. 2. (Color online Shown are the evolution of the density and phase along a two-dimensionalycu@ dor the simulation of Fig.
1. A set of well-defined solitonic pulses is evident in the latesh) panel. The strong variations in the phase at late times is due to the high
momentum of the solitons caused by the expulsive harmonic potential. Note that the phase is shown maubliack-to-white-to-black
(color: on the color circlewhile the density is in arbitrary relative units rescaled for each plot. The aspect ratio of the plots showing a region
of 0.822 by 153 length units was changed for visualization; length and time units are the same as in Fig. 1.

ez ( 26774)1/4 . 8h2K4 )

—= >\ — =2.20.... 8 = sin(¢)exp(— «fr),

w3 t ¢ == sin(¢)expi~ xr)
In the quasi-1D regime far from collapse, such a variational 852,33
analysis typically gives estimates to better than 1%. As in i=———— cogp)exp(- «r) - wir, 9
Eq. (5), the > sign can be replaced with3a sign to ensure m
stability for an excited soliton. where

— 2
D. Soliton-soliton interaction and secondary collapse K = = Ng;pm/#*, (10

The harmonic potential must be sufficiently strong so asP= #1~ ¢ is the relative phase,=|z -z, is the relative
to prevent secondary collapse caused by a soliton-soliton irfR0sition, with the two solitons indicated by indices 1, 2, and
teraction. If two solitons overlap coherently, they can violatemotion according to Eq4) has been assumed. Equati@
the stability criterion of Eq(5), due to the doubling of the describes a separated soliton pair—i.e., the motion outside
number of atoms. Even if, due to decoherence during solitofhe interaction region: it breaks down as they overlap fully.
propagatior(see Sec. V B beloy their relative phase is not With respect to Refq37,38, we have here added the physi-
defined prior to the interaction, upon interacting they develog@l units relevant for the BEC and the expulsive harmonic
a well-defined relative phag&5]. potential.

In order to treat soliton motion in a slowly varying poten-  To prevent soliton-soliton interactions it is necessary that
tial, as defined explicitly by the condition of E¢8), one the potential due to the expulsive harmonic potential be
may suppose a separation of scales, as may be formally dgwch stronger thap that due to the attraction between soli-
fined by a multiscale analysisee, for example, Ref36]). tons. Takinge(t) = ¢(t) =0, which assumes that the solitons
In this case an approximate equation of motion for the relaare initially in phase and have the same amplitude, the two
tive soliton parameters is given 87,38 potentials are given by
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1 ,, A. Seeding of modulational instability: Self-interference
Vho= PULAN (11 VS noise

In order to understand the mechanism of modulational
5 5 instability for a nonuniform initial density profile and in the
Vo= Sh—K exp(— kT). (12) presence of a nonconstant potential, it is necessary to briefly
sol 2 review modulational instability in the uniform case, which is
well known from fiber optic§26]. A linear response analysis
In the case in which the solitons are not initially in phase orreveals that, for attractive nonlinearity, a small sinusoidal
do not have the same amplitude, the criterion will only bemodulation of a uniform statey, with wave numbek grows

less stringent. It is therefore sufficient that with time at a ratey given by
h? 2mlgiplnio |* | Niplgiol?
¢ )4< ¢ >4N2- 26 P=-—| K- + . (15
L) | L] —F> — exp- 87NJN,). (13 an? h? h?
(ez |a|Nais Ng 772 F( J aIS) ( )
The maximum growth rate
Here the first factor in parentheses is the trap aspect ratio = 2w Jaln (16)
while the second factor is again the inverse of the 3D col- Ymg = £@pldT1D
lapse criterion of Eq(5). is obtained at wave number
The question then arises as to whether or not the trap can —

be made sufficiently strong so as to prevent soliton interac- kmg=1/¢, £= €, [N4]alnyp, (17)

tions, as required by Eq13), and at the same time suffi- . . .
; P : where¢ is the effective 1D healing length of the condensate
ciently weak so as not to cause the individual solitons to 43] andnyp=N|o2=N/L is the line density. Growth occurs

; : BN | It
foxg;)el?r?eer’ 3?1er?i(r11l:j|;ed by E@8). Putting these two criteria only if >0, which implies 05 K< K=\ 2Ky This

means that nonlinear focusing can only be seeded by modu-
3 lations of sufficiently long wavelength and is fastest at the
X 25 =5 expl- 8my), (14)  length scale of 2§. . .
™ For a nonuniform initial density profile, there are two
ways in which modulational instability can occur. Either it
where y=N,/N,;s This relation is always fulfilled, showing can be seeded by noise or it can be seeded by fringes caused
that the two criteria are compatible. by self-interference of the order parameter. The time scale of
the two mechanisms turns out to be approximately the same,
as shall be shown in the following. A similar number of
V. DYNAMICAL FEATURES solitons results, but in the former case they form first in the
higher-density regionstypically the center, for a Thomas-

Fermi-like initial profile [17]), while in the latter case they

sary to discuss in detail. First, there has been some debate & m first at the edaes. as illustrated in Fias. 1 and 2 and
to the mechanism of soliton formation. In Sec. VA, it is . ; ges, gs.
explained in our previous worf24].

argued that both dynamically generated fluctuations from Consider fi h f self-interf A vsi
self-interference of the order paramef24] and noise due to onsider first the case of seli-interierence. N analysis
based on the Feynman propagator for lihear Schrodinger

thermal fluctuation¢39) or fluctuations in the trapping po- equation in a harmonic potential shows that self-interference,

tential [40], as seen experimentally _close to surfagés), or diffraction, of the order parameter leads to fringes which
cause the BEC to become modulationally unstable on ap- . ; o

! ) . ave the correct length scale to seed modulational instability
proximately the same time scale. Second, outside of th

; ; . 4]. Our findings of Ref[24] were supported later by Ka-
mean-field model encapsulated in the NLS equation, 0!ﬁ'grr%chatnovet al, who used Whitham theory to describe the

may as!< how long it takes for the re!at|ve phase of SOIItonICnonlinear evolution of the diffraction pattern of a rectangular
pulses in the atom laser to randomize or decohere. In Sec

. o . imitial density profile[44]. Our previous analysis was per-

v E_SI_,Wa:)n iiiﬂr;:t\fvr?i];:]hlvsvetméce) Sncoatlzi'zcwssd?h any detai areform'ed for a rectangula( initial density profile in order to
. : obtain closed form analytic resuli@4]. The Feynman propa-

quantum evaporation and center of mass motion. The formerator is defined b
is studied in detail in Ref.16], where it is shown that matter- g Y
wave bright solitons in an expulsive potential evaporate and
eventually explode. However, the tunneling rates are so z/;(z,t):fdz’G(z,t;z’,0)¢/(z,0). (18)
small in the parameter regimes of interest to the present work
so as to be unimportant. With regards to the latter, in a hargor a harmonic oscillator, the propagator is

monic potential the center of mass and relative degrees of

There are two aspects of the dynamics which are nece

freedom are entirely decoupled, so that we need only con- G expli(z2 - 2zZ/cosT+ 2’2)/(2€§ tan7)} 9

sider the relative soliton motiof42]. The center-of-mass - o |ai (19
S o ) €\ 2mi|sin 7]

motion is, in any case, trivialzq,(t) =Zom(0)exp(|w,t) in

the quasi-1D regime. where
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7= wft. (20 !

In the limit 7<<1 and for a rectangular initial density profile,
the result of the integration of E@18) can be Taylor ex-
panded as

[z, 04z, 0)
. T . T
+6-— +6-—
L. \/@ sm<k+z o 4) . sm(lcz 1) 4)
B T L+2z L-2z

427 L2+ 47 cog (k. —k))Z] N I
* {¢+2a%L—2afku+za¢—23 @y

2 2
e
o

i/

o
=

ko

25

sednz+ L s— L2 cot(7
22sin(n 812

k.= 2 < 5 (22 FIG. 3. Shown are the self-interference fringes of the order pa-
rameter which seed modulational instability, according to the Feyn-
. ) . man propagator for a harmonic oscillator. The initial density profile
To linear order in7, the trapping frequency drops out of \yas Thomas-Fermi; shown is the ratio of the density 66 ms later to
the equations, sincér=#it/m. Equations(21) and(22) de- e original density. Since the wavelength of the instability must be
scribe the formation of fringes. Note that, according to theon the order of ¢ where¢ is the healing length, solitons form
argument of the exponential in the Feynman propagdi®; first on the edges of the cloud, due to the early long-wavelength
at the quarter period the wave function is Fourier trans<ringes in this region. At later times the wavelength of the fringes in
formed with respect to its initial state. Therefore any initial the center also becomes longer. Shown is the linear equivalent of
wave function excepting a Gaussian must develop fringes. Ahe panel depicting=3 in the full simulation of the 3D Gross-
time scale can be estimated from these prefactors in the efitaevskii equation illustrated in Figs. 1 and 2; all parameters are
pansion of Eq(21). Fringes appear at a length scélg,q. at the same as the simulation, with length units scaled t@.A0

time
m
f

This argument can also be made simply by the units in the
problem. The length scale at which modulational instability
is maximally probable isqinge=2m¢. Therefore, the time — [riml o]

scale for fringe formation leading to modulational instability t2= \himlwy, (28)
may be estimated as

tz

2

2
€,

2 where N|y(2)]? is the longitudinal line densityR is the
_ (24)  Thomas-Fermi radius, and, is the longitudinal oscillator
2wp|a|n1D length. The linear development of the wave function may be
P{ound at any time by numerical integration of E@8). Note
PR ; . hat, in this caseg, is imaginary for the expulsive harmonic
— 2 ' z

mean density as=n;p/ () in order to calculate the healing potential. An example relevant to Sec. Ill is shown in Fig. 3.

Ien_gth. For th_e parameters of Sec. lthierterence=41 ms. . The longer-wavelength fringes are clearly visible near the

This is approximately the correct time scale, as observed "adges of the cloud, as discussed in our previous ik

F'gli' grc?grdtg.stud the problem with a more realistic modelThis leads to soliton formation near the edges of the cloud at
y P early times and in the center at late times. The figure uses the

t/g?{;t?gn'r;;'?ﬂé rdeg:gﬂgulfigfﬂinisslt)t/a[;;%flIaeé t;'r? :gcgg:gmﬂ_same parameters as the simulations of Sec. Ill and may be
o Y pre verted p compared to the fourth panel from the bottonts8 in Figs.
rabola. This is characteristic of the Thomas-Fermi limit in a

. ; . . 1 and 2.
harmonic trap and is the generic experlmental qas@ At Consider now the case of modulational instability seeded
the same time, the transverse wave function is taken as

Gaussian, in keeping with the quasi-1D approximation. Th ff‘y noise, r_ather than i.nt.erfere.nce. fringes. Th_ere are two
density th,en takes the form - "Ninds of noise. They originate in different physical mecha-

nisms. The first is classical white or colored noise, which
p( x2+y2> 25 may be induced, for example, by fluctuations in the trapping

tinge =

wheren; is the mean linear density and we have taken th

V0= 2. 0= ex

| 02 potential. The second is thermal quantum noise, which cor-
VT P responds to a thermal distribution of Boguliubov excitations.
200 One may estimate the relevance of the latter from first prin-
4R _22) . . . . . . .
|z, 0)[2 = =2 (26) ciples. The Boguliubov quasiparticle dispersion relation for a

a¢dal Thomas-Fermi profile i§17]
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ﬁ2k2 h2k2 | ) ) ) j ) j ) ]
\/— T4 2gNw()?|, IFI=R, . s
2m | 2m

EBogE 0 L L A " L

h2Kk? .\ me’r® >R JoF—— : . . . —
om 2 Mm ' ;

R SURRRRUTTY ) | [TYPR
M

Substituting the wave number of maximum growth for .| M ' ' ] s
energy is 0 ' ' '

modulational instability, Eq(17), into Eq.(29), the resulting
— 2- ) j j ) j ) b
Ene’=\3gn, B0 M |-z
0 . .

wheren is the mean density which can be estimated from

Egs.(25) and(26). An experimental situation may, e.g., cor- ' ' ' ' ' ' '
respond to an initial temperature of the condensateTl of T /\ 1t=1
:TBECIZ! with TBECEﬁa[ng(3)]1/3 and EE (Q)§w20)1/3. In 0 1 1 1 1 1
this case, one can estimate the probability of a BoguliubovlTIl - - - - - - -
mode of the appropriate wavelength to seed modulationa' ™" 1} {t=0
instability from the bosonic number distribution function . . /\ . .
-60 -40 -20 0 20 40 60
nE)=—— (31) ’
exp(E/kgT) + 1 FIG. 4. Shown is the evolution of the density along a one-

Using the numbers from Sec. IlI, one obtaifis-0.14 uK dimensional cut ax, y=0, with the same parameters as the simu-
and EBog/szo 23 4K, so that n(EB%)=0.17. Thus noise lation of Fig. 1 but with the addition of noise, as described in the
mg . , mg 7.

caused by Boguliubov fluctuations is present with a non-tex_t' The time _scalt_a is shorter than that observed in Fig. 1, and the
negligible occupation number for the parameters we haVgolltons form first in the center of the cloud, rather than on the
chosen outside, but the end result is the same: a set of well-defined solito-

: . . nic pulses is evident in the lategbp) panel. The length and time
A time scale for the growth of seeding fluctuations can beulnitgl;re thle S;'me asl in Fig le(ﬁ PP g !
estimated as o

in the longitudinal direction. Then the wave function was
multiplied at each point by 1ar, wherer was a random
number between —0.5 and 0.5 andvas the noise level. In
This appears to be smaller by a factormfthantyinge. How-  Fig. 4,n=0.1 was used. In the transverse direction, the noise
ever, given the qualitative nature of the two estimates and th@as added on only the half of the grid closest to the center.
fact that they have the same parameter dependence, it is NEinally, in order to allow the noise to “thermalize” as much
pOSSible to state that noise deflnltlvely dominates over th%s possib|e7 the wave function was propagated in real time
fringe mechanism. To test this, we performed additionakor positive scattering length, until the noise had fully dis-
simulations with thermally distributed and various other re-triputed itself—i.e., for times much greater thanr/2w)).
alizations of noise in the initial condition. These simulationsThis was intended to represent, qualitatively, a semiclassical
show that the final result is essentia”y the same as th%pproximation to a thermal d|str|but|q:r27lza of Bogu"_
shown in FlgS 1 and 2: 11 solitons result rather than 14, WItthOV modes. Figure 4 then follows the real time evolution
formation first in the regions of higher density and thenstarting with this initial wave function after the scattering
lower, in contrast to the case of fringes alone. Figure 4 illus{ength is turned negative and the trap is changed to be lon-
trates an example of the early time evolution of the densitygitudinally expulsive. In simulations with smaller noise lev-
Solitons begin to form at=30 ms, in contrast to Fig. 1, els we observe a coexistence regime and crossover of both
where fringes appear to self-focustat40 ms. We conclude  seeding mechanisms, as the growth of thermal fluctuations is

that the two mechanisms do indeed coexist. ~significantly delayed when they are initially very small.
Noise was added into the simulations in the following

manner. Because the longitudinal and transverse degrees of
freedom are represented differently in the Laguerre DVR cy-
lindrically symmetric algorithm we used and most of the grid A condensate adiabatically split into two halves on a time
is not occupied in the initial state, one generates a great deatale much shorter than the quantum revival time has an
of high-energy and high-frequency oscillations with theinitially well-defined relative phasgt5,4§. Estimates for the
usual noise schemes, such as adding a small random numldgcoherence timgd7] have been made in a number of spe-
to the wave function or its Fourier transfo@T). The fluc-  cific contexts in the literature, such as, for example, in the
tuations that would seed modulational instability are of longtwo-well problem[48,49 or for two spin state$50]. A gen-
wavelength. Therefore, starting from the wave function oneral discussion of this issue may be found in R8§]. Here,

the grid in position space a fast KFFT) was implemented we follow the straightforward estimates made in a recent

thoise ™ 1/7mg = (32

20)p|a.|n1D '

B. Phase decoherence time
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article on atom interferometers using Bose-Einstein conden- . L NalL
sates, in which the phase decoherence time was studied ex- Ng°™ ~ 2_§ = 2 (39)
perimentally[51,52. ™ ™,

The Schrodinger phase of each soliton may be estimate\%i/
from its wave function, which is proportional to
exp—iut/h):

here the modulational instability is assumed to take place at
the wavelength of maximum growth given by EG47).
The 2D collapse criterion for the initial stat8) can be
Ad=tAulh, (33) refined by demanding that the solitons formed by modula-
tional instability are themselves stable against 3D collapse
wheret is the decoherence time. The chemical potential maynd satisfy Eq.5). For simplicity, it is assumed that the
be determined from Ed4), i.e., in the quasi-1D approxima- initial condensate is split up inth; solitons of equal ampli-

tion, to be tude. As seen from the numerical simulations of Secs. Ill and
’ ’ V A, this is not strictly true, but it serves as a useful order of
e lhw (ﬂ) (E) (34) magnitude estimate. For the homogeneous initial profile, one
27 "\Ng/ \¢,) finds, from Eq.(38),
where it has been assumed tiNtsolitons of equal ampli- 8
tude are formed. Then, from the derivative of E84) with 8mlalN/L < —(73P)?=1.0.... (39
respect taN, m
Ap  2u This estimate assumes a quasi-1D initial state, where the
AN N (35 transverse trapping is tight, so thi| <{,<¢. Note that

_ under these conditions the transverse oscillator lerfgth
For Poissonian number fluctuations, one may tAke=\N.  does not enter the collapse criteria for homogeneous initial
SettingA ¢=21, which is a measure of complete uncertainty density profiles.
in the relative phase and therefore decoherence, B$s. In the case of an inhomogeneous initial density profile the
and(35) yield above estimates can be generalized by assuming that the
length scale of Z¢ for the modulational instability is still

{= N (36) valid locally. The number of solitons can thus be estimated
lul as
Substituting Eq(34) into Eq. (36), dz
S:f . (40)
N.\2 —(¢,\%1 27E(2)
~ o Ns) gl te) 2
t= 2( ) \N( ) . (37)

N a/ o, For the Thomas-Fermi density profile of E@6), one ob-
We note that, in contrast to a repulsive condensate it®NS
Thomas-Fermi limit, for which the decoherence tinhe 213
« N0 in the case of solitonic pulses formed by modula- TF_ %%) (41)
tional instability t«N~32, However, unlike in the repulsive S 2 €i

case, the number of atoms is limited by the collapse condi- _. . . o
Similarly, one can derive a collapse criterion for the

tions of Secs. IV A and IV B. For the parameters of Sec. lll, omas-Fermi case. The aspect ratio of the trap enters ex-
the phase decoherence time may be calculated to be aboqfl . o pe e trap
icitly, and the criterion to avoid collapse is given by

540 ms, so that the solitonic pulses shown in the figures arB
expected to be coherent over the evolution period depicted.

alN D)3 ¢ 14
AN _ Ol hagife. (42)
¢, 576 ¢, ¢

VI. DISCUSSION OF SIMULATIONS: NUMBER OF

SOLITONS AND REFINED STABILITY CONDITIONS These estimates restrict the number of particles for a given

In experiments, a good model of the initial state of theScattering length that can be used in a particular trap geom-
condensate when the scattering length is changed from po§iry. Combining the above results, one finds an upper bound
tive to negative is a longitudinal Thomas-Fermi density pro-for the number of solitons that can be ggnerated from a given
file [17]. In the following, explicit estimates for the number trap geometry used for preparing the initial state. In the case
of solitons generated by such a profile and criteria to avoif @ rectangular initial state or the homogeneous case, one
collapse, in terms of the parameters of a possible experimer@Ptains
is compared to the more idealized situation discussed in Sec.

IV.

Under the condition that a suitable seed for the modula-
tional instability is provided, one can estimate the number of
solitons generated for an initially homogeneous profile alond-or a condensate initially described by a Thomas-Fermi pro-
the z direction of lengthL by file one finds

L
NPom < 0.0635€—. (43)
p
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(44 ward adaption of existing BEC apparatugés,19. It was
shown that all phenomena leading to instability—namely,
The bounds(43) and (44) were based on the 3D collapse two-dimensional primary collapse, three-dimensional pri-
criterion of Eq.(5). A similar analysis based on the 2D cri- mary collapse, explosion of individual solitonic pulses
terion (3) for the initial wave function yields the same scal- brought about by the longitudinally expulsive harmonic trap-
ing but a prefactor which is an order of magnitude larger, i.e.ping potential, and secondary collapse caused by soliton-

F £,\? realistic parameters that could be realized in a straightfor-
Ng < 0.055 —= ] .
P

a less stringent constraint. soliton interactions—could be avoided by the proper choice
One may now compare these refined estimates to thef parameters. Typical parameters weré férticles, a final
simulations of Secs. Ill and IV D. First, the choice of scattering length oh~—-3a,, and trapping frequencies on

-aN/{, was taken to be about one order of magitudethe order of Zrx2.2kHz by 2rX22kHz by 27
smaller than the upper limit given by the criterion to avoid x 2.5 Hz. After formation via modulational instability
collapse, according to E@42). Second, Eq(41) predicts an  seeded by a combination of self-interference of the conden-
upper bound on the number of solitons toNe=13.3; inthe  sate order parameter and noise due to the presence of Bogu-
simulations, between 11 and 14 solitons were observed, déiubov quasiparticles and fluctuations in the trapping poten-
pending on the noise level. Third, all forms of collapse havetial, propagating solitonic pulses self-cool T&=0 on a time
been successfully avoided, including soliton-soliton interacscale of 1/w,| through the emission of a fraction of a percent
tions which might lead to secondary collapse. of the total number of particlell5,16.

Many other parameter regimes were studied numerically. In most previous work on attractive Bose-Einstein con-
It was found that, for a rectangular initial profile and no densates, regimes or cycles of runaway instability were ex-
noise, as was studied analytically in REgf4], increasing the plored [54,55. Even in the cases where a stable final state
strength of the nonlinearityy,om=8w|a]N/L to the critical was produced, such as, for example, in R¢i8,19, the
value of p,o=1 [see Eq(39), abovg brought about imme- majority of the atoms were lost to collapse. In contrast, we
diate collapse at thbordersof the condensate. That is, the have here suggested a way to avoid collapse entirely and take
first soliton formed collapsed. An order of magnitude de-advantage of the instabilities inherent in switching the inter-
crease inmpom to 0.1 led to delayed collapse which occurred actions in a BEC from repulsive to attractive to produce a
after all solitons had been formed, while fgr,,=0.01 no  useful device: namely, a pulsed atomic soliton laser.
collapse occurred. Note that a rectangular initial density pro-
file may be created by optically induced potentials which ACKNOWLEDGMENTS
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